ORIENTED INTERVAL GREEDOIDS 
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Abstract. We propose a definition of an oriented interval greedoid that 
simultaneously generalizes the notion of an oriented matroid and the con- 
struction on antimatroids introduced by L. J. Billera, S. K. Hsiao, and J. S. 
Provan in Enumeration in convex geometries and associated polytopal subdivi- 
sions of spheres [Discrete Comput. Geom. 39 (2008), no. 1-3, 123-137]. As for 
of oriented matroids, associated to each oriented interval greedoid is a spheri- 
cal simplicial complex whose face enumeration depends only on the underlying 
interval greedoid. 
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1. Introduction 

Consider a hyperplane arrangement in R n , with all of the hyperplanes containing 
the origin. Intersecting this arrangement with a sphere centred at the origin, one ob- 
tains a regular cell decomposition of the sphere. Taking the barycentric subdivision, 
one obtains a spherical simplicial complex. 

Oriented matroids are a generalization of real hyperplane arrangements; the 
Sphericity Theorem of Folkman and Lawrence }FL78| for oriented matroids says 
that any oriented matroid induces a certain regular cell decomposition of the sphere 
(and thus also a spherical simplicial complex) just as hyperplane arrangements do. 
(Terms not defined in the introduction will be defined later in the paper.) 

Billera, Hsiao, and Provan showed in [BHP08| that there is also a certain spheri- 
cal simplicial complex associated to a convex geometry or antimatroid. These simpli- 
cial complexes are not a special case of the spheres arising from oriented matroids, 
but they are similar in some respects (see §6.3| in particular). 



The goal of this paper is to provide a general theory which includes both of these 
as special cases. Following a suggestion in BHP08 (attributed to Anders Bjorner), 
our approach is via the notion of interval greedoid. The precise definition appears 
in the next section, but for now, it suffices to know that interval greedoids are a 
common generalization of matroids and antimatroids. 

In this paper, we define the notion of an oriented interval greedoid. This is an 
additional structure on top of the interval greedoid structure. For a given interval 
greedoid, there may be no such additional structure possible, or one, or more than 
one. 

For an interval greedoid which is a matroid, an oriented interval greedoid struc- 
ture amounts to (the collection of covectors defining) an oriented matroid. In con- 
trast, if the underlying interval greedoid is an antimatroid, it always admits exactly 
one oriented interval greedoid structure. 

Our main result is an analogue of the Sphericity Theorem for oriented interval 
greedoids, providing a CW-sphere and (by barycentric subdivision) a spherical sim- 
plicial complex associated to any oriented interval greedoid. Our proof is based on 
the proof of the Sphericity Theorem given in [BLVS+93] . The spherical simplicial 
complex associated to the unique oriented structure for an antimatroid, coincides 
with that constructed by [BHP08j . 

Along the way, we give versions for oriented interval greedoids of a number of 
constructions for oriented matroids, such as restriction and contraction. 
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2. Interval Greedoids 



Much of the material in this section, except for |§2.6.4[ is drawn from |BZ92b| or 
KLS9T] . The material in §2.6.4 and, by extension, the treatment in 
to be new. 



i2.6.5 



seems 



2.1. Definition. Let E denote a finite set and & a set of subsets of E. An interval 
greedoid is a pair (E, J?) satisfying the following properties for all X,Y, Z € 

(IG1) If X ^ 0, then there exists an x G X such that X — x £ & . 

(IG2) If \X\ > \Y\, then there exists an a; £ X\Y such that Y U x G 

(IG3) If X C y C Zande G £\Z with AUe G J 5 " and ZUe G J*", thenFUe G 

The set i? is called the ground set of the interval greedoid (E, jF) . Elements of 
& are called the feasible sets of (E, If & is a nonempty collection of subsets 
of E satisfying (IG1), then & is said to be an accessible set system. A greedoid 
is a pair (E,&) that satisfies (IG1) and (IG2). In the literature, (IG3) is often 
called the interval property. 

In the next few sections we present several examples of interval greedoids. 

2.2. Example: Matroids (Lower Interval Greedoids). A matroid is a pair 
(E, tf) where E is a finite set and J? is a collection of subsets of E satisfying the 
following two properties: 

(Ml) If X G J and Y C X, then 7e/. 

(M2) For all X,7 £ /, if |X| > \Y\, then there exists an x G X\Y such that 

yux e y. 

Since (M2) is (IG2) and (Ml) is a strengthing of (IG1) that implies the interval 
property (IG3), a matroid (E, J?) is an interval greedoid. Conversely, any greedoid 
(E, J£") satisying the following strengthening of (IG3) is a matroid. 

(LIP) Suppose X, Y G & with X C Y. If e G £\F and FUe G ^, then AUe G & . 

The above is called the interval property without lower bounds, so a matroid 
is a lower interval greedoid. 

Example 2.2.1 (Vector matroids). Let V — R 2 , x = (-3,1), y = (2,1) and 
z = (4, 1). See |Figure l| Let J" be the collection of subsets of E = {£", y, z} that 
consist of linearly independent vectors. That is, 

J = ^0,{x},{yj,{zj,{x,y},{x,z},{y,z}y 

Then (E, J) is a matroid. O 



,f V z 




-3-2-101234 



Figure 1. 



2.3. Example: Antimatroids (Upper Interval Greedoids). Another class of 
interval greedoids arise from convex geometries. 
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2.3.1. Convex geometries. Just as matroids can be viewed as an abstraction of 
linear independence of vectors in R™, convex geometries can be viewed as an ab- 
straction of convexity of vectors in R n . In the following, think of E as a finite subset 
of R n and r as the convex hull operator: t(A) = conv(A) n E for A C E. 

A convex geometry is a pair (E, r), where E is a finite set and r : 2 E — > 2 E 
is an increasing, monotone and idempotent function, satisfying the following anti- 
exchange axiom. 

(AE) If x,y £ t(X), x^y, and y E t(X U x), then x t(X U y). 

The subsets A C E satisfying t(A) = A are called closed sets of the convex 
geometry. The extreme points ext(A) of A C E are the points x £ A satisfying 
x $jL t(A\x). The extreme points form a minimal generating set for the closed sets: 
if X C E is a closed set, then X = r(ext(X)), and ext(X) C F for all 7 C £ 
satisfying t(Y) = X f [BZ92bl Proposition 8.7.2] or [KLS911 Theorem III.l.l]). 

Example 2.3.1 (Convex geometries from convexity). The canonical example of a 
convex geometry is a finite subset BCR™ with r(A) = conv(A)OE, where conv(A) 
is the convex hull of the points in A. Then the extreme points of A are precisely 
the extreme points of the convex hull of A. O 

2.3.2. Antimatroids, or upper interval greedoids. If (E, r) is a convex geometry, 
then the complements of the closed sets of E 

& = {E\t{A) :ACE} 

are the feasible sets of an interval greedoid on the ground set E. Moreover, (E, JF) 
satisfies the following interval property without upper bounds. 

(VIP) Suppose X,Y e,^ with X C Y. If e € E\Y and XUe € J^, then Ylle £ . 

If (EjJP) is a greedoid satisfying (UIP), then it is said to be an upper inter- 
val greedoid, or an antimatroid. All upper interval greedoids arise from convex 
geometries: if (E, j?) is an upper interval greedoid, then the complements of the 
feasible sets are the closed sets of the convex geometry (E,t), where r is defined 
for X C E by 

r(X)= P| Y 

XCYCE 

In other words, t(X) is the smallest set in j^" c — {E\Y : Y G j?} containing X. For 
a proof of this result, see |KLS911 Theorem III. 1.3] or |BZ92bl Proposition 8.7.3]. 

Example 2.3.2 (Antimatroid from three colinear points). Let x,y,z be three co- 
linear points in the plane, y between x and z, and consider the convex geometry 
with closure operator t(X) = conv(A') n {x,y, z} (sec |Examplc 2.3TT] ). The closed 
sets are the subsets 

> {y}, W, y}, {y, v-, A- 

Then (E, J?) is an upper interval greedoid, where E — {x, y, z} and 3? is 

& = {{x, y, 4> {y, z ), {x, z ), {x, y}, {z}, {x}, 0}. o 
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Remark 2.3.3. Upper interval greedoids have been studied under several different 
names including antimatroid, APS-structures, discs, and shelling structures. Some 
care is required in reading the literature, as some authors have used the term 
antimatroid for a convex geometry. By antimatroid, we will always mean an upper 
interval greedoid. 

2.4. Example: Interval greedoids from semimodular lattices. Let L be a 

finite lattice. L is said to be (lower) semimodular if it has the following property 
for all x, y G L: if x < z and y < z for some z G L, then x A y < x and x A y < y. 
An element e G L such that e ^ 1 is called meet-irreducible if e = x A y implies 
x = e or y = e. 

Proposition 2.4.1. Suppose L is a finite lower semimodular lattice. Let E be the 
set of meet-irreducible elements of L, and let 

& = {{ei,e 2 ,...,e fc } C E : 1 > e x > (ei A e 2 ) > • • • > (ei A e 2 A •• • Ae fc )}. 

TTien J^") is an interval greedoid. 

For a proof of this result see |BZ92bl Theorem 8.8.7]. 

2.5. Feasible Orderings. Let (E, jF) denote an interval greedoid. Let X G 
An ordering x\ < X2 < ■ ■ ■ < x r of the elements of X — {xi, X2, ■ ■ ■ , x r } is denoted 
by X — {xi < X2 < ■ ■ ■ < x r }. An ordering X — {x\ < X2 < • • • < x r } is a feasible 
ordering of X if {xi, . . . ,Xi} £ & for all 1 < i < r = \X\. Repeated application 
of (IG1) shows that every has a feasible ordering. 

Proposition 2.5.1. Let (E,&) be an interval greedoid. Let X, Y £ & and \X\ > 
\Y\. Suppose X = {xi < ■ ■ ■ < x r } is a feasible ordering. Then there is a subset 
{xi t < ■ ■ ■ < Xi k } of X\Y of size \X\ — \ Y\ such that Y U {x^ , . . . , } € & for all 
1 < j < k. 

Proof. Let x\ < ■ ■ ■ < x r be a feasible ordering of X and suppose Y £ & with 
|V| < |A|. We proceed by induction on \Y\. If \Y\ = 0, then the feasible ordering 
x\ < ■ ■ ■ < x r of X provides the required subset. 

Suppose the result holds for all feasible sets of cardinality less than \Y\. By (IG1), 
since Y G & , there is a y G Y such that Y\y G Since < \Y\ < \X\, the 

induction hypothesis gives the existence of a subset {xi t < ■ ■ ■ < Xi k } of X of size 
k = \X\ - {\Y\ - 1) such that Y\yU{x h ,- ■■ ,1^} G & for all 1 < j < k. 

Since \Y\ < \X\ = \(Y\y) U {x^, . . . ,Xi k }\, it follows from repeated application 
of (IG2) that there exist elements Zj in {xi ± , . . . ,Xi k } such that Y U {zi},Y" U 
{21,22}, . . . ,Y U {zi, . . . ,Zfe_i} are in Suppose that for each 1 < I < k the 
element z; is chosen to be the first element (with respect to the feasible ordering 
on X) satisfying (Y U {zi, . . . , UzjG 

Since \Y U {zi, . . . ,zi-i}\ < \(Y\y) U {x n , . . . ,x ll+1 }\, it follows from (IG2) that 
there is an element z G {x^ , . . . , Xi l+1 }\{zi, ... ,zi-±} such that (Y"U{zi, . . . , z;_i})U 
z G & . The minimality of z\ implies zi is amongst these elements. That is, zi G 

{Xi 1 , ■ ■ ■ , }\{ z li ■ ■ ■ : Z l — l}' 
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Let a be the first index for which z a ^ Xi a . Then from the last sentence in the 
previous paragraph, 

Za G {^21 ? • • • ) x i a +i • • • 5 ^a — l} 

= {xi 1 , . . . , Xi a + 1 }\{xi x , . . . , Xi a _ 1 } 

= { x i a i x i a + i }• 

Thus, Z a = X ia+l . 

Suppose Zb — Xi a for some index b. Induction on I gives zi = Xi l+1 for all I such 
that a <l <b since z t G {x it , . . . , x il+1 }\{zx, . . . , = {x ia , x il+1 } and z t ^ x, a . 

Consider the following three sets: {{Y\y) U {z%, ■ ■ ■ , ^a-i}) ^ U {zi, . . . , z a _i}) C 
(yu{zi, . . . , z b _!}). The first is (Y\y)L){x il , . . . , a; ia _ 1 }, which is in & by definition 
of the element x% t . The latter two sets are in & by definition of the elements zi . 
Substituting zi — x, H for 1 < I < a and zi = Xi t+1 for a < I < b gives 

(jX\y) U {x n , . . . , x ia _ x }) C (Y U {x h , . . . , a: ia _ 1 }) 

^= {y U , ■ • ■ , Xi a _ x i %i a + i ) * * ■ ) -Eij, }^ ■ 

Applying the interval property (IG3) to the above sets and Xi a gives that Y U 
{zi, . . . , z a _i, Xi a } = Y U {x^ , . . . , £i a } G JF. This contradicts the minimality of 
z a = Xi a+1 . Therefore, no such b exists. 

Therefore, z^ ^ x ia for all b > a. Induction on I (as above) gives z\ = Xi l+1 for 
all I such that a < I < k. Then Y U {xi 1 , . . . , cc^ , . . . , x^ } G & for all 1 < I < k and 
the proposition holds. □ 

2.6. The Lattice of Flats. 

2.6.1. Contractions. Let (E,^) denote an interval greedoid and let X G Let 
/ X denote the collection of subsets that can be added to X preserving feasibility: 

.^/X = {YC E\X :XUYe^}. 

The pair ([Jye^/x ^ ^ 1-^) ^ s an interval greedoid, which we call the contrac- 
tion of (E, J^) by X. Properties of contractions will be further developed in later 
sections. For now we record the following result, which is crucial to much of what 
follows. 

Proposition 2.6.1. Suppose {E,^) is an interval greedoid and let AC E. Let U 

and V be maximal with respect to inclusion among the feasible sets contained in A. 
Then &/U = &/V. 

Proof. Let U and V be two maximal feasible subsets of A. Then \U\ = \V\ (oth- 
erwise we can enlarge the smaller one using (IG2)). Suppose W G with 
W ^ 0. Then U U W G Let U = {u 1 < • • • < u r } be a feasible ordering 
of U. Repeated application of (IG2) to U and U U W gives a feasible ordering 
{u\ < ■ ■ ■ < u r < wi ■ ■ ■ < w s } of U U W. [Proposition 2.5. l| applied to U U W and 
V gives an ordered subset {zi < ■ ■ ■ < z t } of U U W such that V U {zi, . . . , Zi} G 
for each 1 < i < t, where t=\UUW\-\V\ = \W\. If z x G U, then V U {z{\ G & 
and V U {zi} C A, contradicting the maximality of V. Therefore, z\ G W and 
the ordering of the z% implies Z{ G W for all 1 < i < t. Since t — \W\, we have 
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W = {zi , . . . , z t }. Thus, VUW G J 5 ", or equivalently, W G & jV . Reversing the roles 
of U and V gives the reverse containment & /V C &/U. Thus, & /U = & /V . □ 

Example 2.6.2 (Convex geometry on three colinear points). Consider the convex 
geometry on three colinear points from |Examplc 2.3.2[ The feasible sets are 

& = [ i {x}, {z}, {x, y}, {x, z}, {y, z}, {x, y, z}\. 

The following table shows &/X for X G 



X 


&/X 





& 




{x} 


{0,{y},{z},{y,z}\ 


{4 


{0,{x},{y},\ 


x,y}} 


{x,y} 




\ 


{x,z} 






{y,z} 


{0,{x} 




{x,y,z} 


{0} 





From the table we notice that & '/X = & ]Y implies X 
true for any antimatroid; see |Example 2.6.10 



Y. It turns out this is 
O 



2.6.2. Continuations. Let (E,&) denote an interval greedoid and let X G & . The 
set of continuations r(X) of X is the set of elements that can be added to X 
preserving feasibility: 

T(X) = {xe E\X :XUxe^}. 

Of course, if X, Y G J? and J^/X = J?/Y, then r(X) = T(Y). The converse 
does not hold for arbitrary greedoids, but it does hold for interval greedoids. 

Proposition 2.6.3. Suppose (E,JP) is an interval greedoid. Then for all X, Y G 
we have T(X) = F(Y) if and only if&/X = &/Y. 

Proof. Suppose T(X) = T(Y). We argue that X is maximal among the feasible sets 
contained in X U Y. If not, then there exists y G Y such that y G F(X). Since 
T(X) = r(Y), we have y G L(Y), contradicting that Y nT(Y) = 0. Therefore, X is 
maximal among the feasible sets contained in XUY . Similarly, Y is maximal among 
the feasible sets contained in XUY. Therefore, ,^ / X = J^/Y by proposition 2.6. 1| 
The reverse implication follows immediately from the definitions. □ 

Example 2.6.4 (Vector Matroids). Let V be a vector space, and E a collec- 
tion of vectors in V. J 1 consists of the linearly independent subsets of E. (See 



Example 2.2.1 ) Let X G J? . Then T(X) consists of those vectors from E not in 
the span of X. O 

Example 2.6.5 (Antimatroids). Let (E,t) be a convex geometry and (E,&) the 
corresponding antimatroid. If X G & , then T(X) — ext(E\X). O 

Example 2.6.6 (Convex geometry on three colinear points). The following table 
shows that continuations of the feasible sets of the antimatroid in |Examplc 2.3.2 



X 


{x} 


{>} {x,y} 


{x,z} {y,z} {x,y,z} 


T(X) 


{x,z} {y,z} 


{x,y} {z} 


{y} {x} 



o 
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2.6.3. Flats. Let (E, JP) be an interval greedoid. Define an equivalence relation on 
& by setting X ~ Y if and only if & jX = &/Y. In light of proposition 2.6.3| 
X ~ Y if and only if = r(Y). We write [X] for the equivalence class of X: 

[X] = {Y G : J^/X = &/Y} = {Y G & : r(X) = I\Y)}. 

These equivalence classes are called the flats of (E, 

The set $ of flats of (E, jF) is a poset with partial order induced by reverse 
inclusion: 

[X] < [Y] iff there exists Z E ^ /Y such that fUZ~X 

In particular, if Y C X, then [X] < [Y]. (Note that some authors choose to use 
inclusion rather than reverse- inclusion to induce the partial order on $.) 

The following result shows that <J> is a lower semimodular poset. In fact, $ is a 
semimodular lattice; sec [Proposition 2.6. 17| 

Proposition 2.6.7. Suppose (E,&) is an interval greedoid. Let X 6 & and sup- 
pose XUi£# and X U y G J 5 ". If [X U x] ^ [X U y], then X U {x, y} G J 5 ". 

Proof. Suppose (E 1 , J?) is an interval greedoid and let X G & with XUi 6 and 
X U y G JF. If X U {a;, y} g 1 J?", then lUx and X U y are maximal among the 
feasible sets contained in X U {x, y}. Then [Proposition 2. 6. 1| implies XUx ~ A"U!/. 
That is, [X U x] = [X U j/]. □ 

Example 2.6.8 (Vector Matroids). Let V be a vector space, E a collection of 
vectors from V, and ^ the subsets of E that are linearly independent. For X, Y G 
/, X ~ 7 iff X and Y span the same subspace; and [X] < [Y] iff the span of Y is 
contained in the span of X. O 

Example 2.6.9 (Convex geometry on three colinear points). Consider the con- 
vex geometry on three colinear points ( Example 2.3.2[). Th e contractions of the 



corresponding antimatroid were described in Example 2.6.2[ The poset of flats is 



illustrated in |Figure 2| O 



[0] 



[{*}] 



[{*}] 



[{x,y}] [{x,z}] [{y,z}] 



[{x,y,z}] 



Figure 2. The poset of flats of the convex geometry on three 
colinear points. 
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Example 2.6.10 (Antimatroids). If (E,&) is an antimatroid, then [X] = {X} 
for all X G & '. Indeed, if (E,t) is the corresponding convex geometry and T(X) = 
T(Y), then E\X = T(ext(E\X)) = r(ext(E\Y)) = E\Y by |Example "2X5) Thus, 
the poset of flats $ of (E, jF) is isomorphic to & ordered by reverse inclusion. O 

Example 2.6.11 (Scmimodular lattices). Let L be a finite lower semimodular 
lattice. Let E be the meet-irreducible elements of L, and let & be the set system 
as in [Proposition 2.4. 1| The poset of flats of (E, is naturally isomorphic to L. 

Consider the following map <fi : & — ► L: 

<P(X) = f\e. 

It is constant on flats of (E,&), and therefore descends to a map from $ to L, 
which is a poset isomorphism. See |BZ92bl Theorem 8.8.7]. O 

2.6.4. Maps fi and £. Let (E, be an interval greedoid and $ its poset of flats. 
Define two maps /x : 2 E — > $ and £ : $ — > 2 E as follows. 

(//) Define /i : 2 E — > $ on arbitrary subsets A C £ by = [X], where X is 
maximal with respect to inclusion among the feasible sets contained in A. 
(0 Define £ : $ - 2 E for X G J? by £([X]) = U X '~v 

It follows from |Proposition 2.6. f] that /i is well-defined. These maps are very im- 
portant to what follows, and will be used to describe the meets and joins in $. 

Proposition 2.6.12. Suppose (E,&) is an interval greedoid, $ its lattice of flats 
and fj, and £ the maps defined above. 

(1) (fj, o = A for all A <G $ . So £ is infective. 

(2) /i : (2 B , C) -s- ($, <) is order -reversing. 

(3) £ : ($, <) — > (2 s , C) is order-reversing. 

(4) A < B if and only if £{B) C /or a// A.Bef. 

(5) for a// y G and ie$,i/7C i/ien A < [Y]. 

Proof. (I) Suppose that X is not maximal with respect to inclusion among the 
feasible sets contained in £([X]). Then there exists x G £([X])—X such that XlJx £ 
Therefore, x G &/X and for some X' - X with X' ^ X. But X' ~ X 

if and only if &/X = &/X', so x E & jX' . This is a contradiction since x & /X' 
if x G A"'. Thus, X is maximal, and so /i(£([X])) = [X]. 

(2) Suppose A <Z B. Let X be maximal with respect to inclusion among the 
feasible sets contained in A. Then there exists Y such that X C y C £? and y 
is maximal among the feasible sets contained in B. Therefore, [Y] < [X]. Hence, 
H(B) < n{A). 

(3) Suppose [X] < [Y\. If e G £(\Y]), then e G y' for some Y' ~ y. So [X] < 
[Y] = [Y'\. Thus, there is a Z G J^/y' such that fUZ~I. Therefore, eefC 
(Y'UZ)C £([*]). 

(4) This follows from (1), (2) and (3). 

(5) Suppose and Y C £([X]). Then there exists Z containing y that is 
maximal among the feasible sets contained in £([X]). Then [Y] > [Z] since Y C Z 
and [Z] = [X] by proposition 2.6. 1| □ 
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Remark 2.6.13. Let (E,&) be an interval greedoid. For A C E, the rank of A is 
the size of a maximal feasible set contained in X. X is closed if any proper superset 
of X has larger rank than X does. The closure of X is the smallest closed set 
containing X. (The uniqueness here follows from (IG2).) 

If (E,J^) is a matroid without loops, then (£ o /j)(A) is the closure of A (see 
|Example 2.6. 14| below). In general, though, all we can say is that (£ o is 
contained in the closure of A. The containment follows from the fact that (a o 
£ o u)(A) = (i(A) by proposition 2.6. 12( 1). The fact that the containment is not 
necessarily an equality is shown in the following example. 

Consider the convex geometry on the three colinear points x, y, z of |Examplc 2.3.2} 
The empty set is feasible in the corresponding antimatroid and we have £(0) = 0. 
But the closure of is {y} since the latter is not a feasible set (because {x, z} is 
not a closed set in the convex geometry) . 

Example 2.6.14 (Matroids). Let (E, J^") be a matroid without loops. In this case 
£($) consists exactly of the closed sets of the matroid. 

Let A C E. As already remarked, [Proposition 2.6.12[ 1) implies that (£ o u)(A) 
is contained in the closure of A. Conversely, suppose that e is in the closure of A. 
Since e is not a loop, {e} is feasible, and can therefore be extended to a maximal 
feasible set X in A U {e}. Let Y be a maximal feasible set in A. Since e is in the 
closure of A, we have that Y is also a maximal feasible set inside A U {e}, and thus 
X ~ Y by [Proposition 2.6. 1| It follows that e G Y C (£ o u)(A). Thus (f o a) (A) 
equals the closure of A. O 

Example 2.6.15 (Antimatroids). Let (E, be an antimatroid. Let X be feasible. 
Since [X] = {X}, £([A]) = X. Thus £($) consists precisely of the feasible sets. O 

Example 2.6.16 (Semimodular lattices). Let L be a lower semimodular lattice, 
and (-E 1 , J^") the associated interval greedoid. Let (f> be the isomorphism from <E> to 



L, defined in Example 2.6.11 Let A be a feasible set. Then £([A]) consists of the 
set of meet-irreducibles / such that / > 0([A]). 

If / is in a feasible set Y ~ A, then <^([A]) = < /, which proves one 

containment. For the other direction, let / > 0([A]). Let Z be a feasible set with 
4>([Z}) = f. Since / is meet-irreducible, / G Z. Since / > <j>([X]), we know \Z\ > [A], 
which implies that / G Z C £([A]), as desired. O 

2.6.5. Lattice of flats. We have seen that $ is a lower semimodular poset. It is also 
graded: the corank of any element A G $ is the size of any feasible set in A. The 
next result establishes that $ is also a lattice. 

Proposition 2.6.17. If(E,&) is an interval greedoid, then $ is a lower semi- 
modular lattice whose lattice operations are given by: 

A\/ B — n((i(A) n £(£?)) and AaB = u(£(A) U £(B)) 

for all A, B G That is, A V B = [A], where X is maximal among the feasible 
sets contained in 1;{A) n !;{B), and A A B = [A], where X is maximal among the 
feasible sets contained in £(A) U £{B). 

Proof. By [Proposition 2.6. 7[ $ is a lower semimodular poset. It remains to show 
that $ is a lattice. For define j(A, -B) = [A], where A G is maximal 
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among the feasible sets contained in £(A) fl £{B). |Proposition 2. 6.1] implies that 
j(A,B) is well-defined. (Equivalently, j(A,B) = (i(£(A) H £(£)).) Since X C £(A), 
if follows from [Proposition 2.6. 12] that A < [X] = j(A, B). Similarly, B < j(A, B). 
Therefore, j(A,B) is an upper bound of A and B. 

It remains to show that j(A,B) is the least upper bound. Suppose A, B < [Y]. 
Then£([y]) C £(A) and£([y]) C £(B) since g is order-reversing ( [Proposition 2.6.12[ ). 
Therefore, £([Y]) C £(A)n£(5). So there exists X' e & such that y C X' C £(A)n 
£(-B) and X' is maximal among the feasible sets contained in £(A)n£(-B). Therefore, 
by the maximality of X' and since Y C X', we have i(A, B) = [X'] < [Y]. 

For j4,B e $, let m(A,B) = [X], where X is maximal among the feasible sets 
contained in £(A)U£(B). Let A = [Y]. Then Y C £(A), so there exists I'DF such 
that X' is maximal among the feasible sets contained in £(A) U £{B). Therefore, 
m(A, B) = [X'] < [Y] = A. Similarly, m(A, B) < B. 

It remains to show that m(A, B) is the greatest lower bound. Suppose C < A and 
C < B. Then £(A)l)£(B) C £(C). So there exists a subset I'DI that is maximal 
among the feasible sets contained in £(C). Thus, m(A, B) = [X] > [X 1 ] = C. □ 

Example 2.6.18 (Antimatroids). Let (E, r) be a convex geometry and (E, the 
corresponding antimatroid. If X, Y s J^, then [X] V [y] = [E/], where U is maximal 
among the feasible sets contained in X fl Y. By |Example 2.6.10} U is unique and it 
follows that U is the complement of the closure of (E\X) U (E\Y). Hence, 



[X]v[Y]=[e\t((E\X)U(E\Y)] 
for all I.FeJf. O 



3. Oriented Interval Greedoids 
Throughout this section (E, will denote an interval greedoid. 

3.1. Signed flats. A signed flat of an interval greedoid (E,^) is a pair (A, a) 
consisting of a flat A and a map a : T(A) — ► {+,—}• 

Define a partial order on signed flats as follows. If (A, a) and (B,(3) are signed 
flats of (E, let (A, a) < (B, 0) if A < B (as flats in $) and if a and (3 agree on 
r(A) n r(i?). (Reflexivity and anti-symmetry are straightforward to verify; transi- 
tivity follows by a simple application of (IG3).) 

Define the product (A, a) o (B, 0) of two signed flats (A, a) and (B, 0) by 
(A, a) o (Bj) = (AVB,ao@), 

where, for x € T(A V B), 

- /a(ar), if x e r(A), 

(a o p){#) = < ~ 

\p{x), otherwise. 

This product is well-defined because T(A V B) C r(A) U L(5) ( [Proposition 3.1.3| 
below) . 
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Example 3.1.1 (Antimatroids). Suppose (E,&) is an antimatroid. As we saw in 
|Examplc 2.6.5[ the continuations of a feasible set A are the extreme points of the 
complement E\X in the convex geometry. Therefore, a signed flat ([A],cE) of the 
antimatroid is an assignment of + or — to each extreme point of E\X. |Figure 3| 
depicts a closed set C of a convex geometry; the extreme points of C are labelled 
by + or — , the non-extreme points in C are labelled by 1, and the points in the 
exterior of C are labelled by 0. 




a /3 
Figure 3. Two covectors a and (3 of an antimatroid. 



The product of two signed flats ([A],S) and ([Y],/3) has a geometric interpre- 
tation. If X' = E\X and Y' = E\Y, then form a new closed set Z' by taking the 
closure of X' U Y'\ that is, Z' — t(X' U Y'). Note that the extreme points of Z' are 
contained in ext(A') Uext(Y'). The sign for each z £ ext(Z') is a(z) if z £ cxt(A'), 
and (3(z) otherwise. O 

Example 3.1.2 (Matroids). Suppose (E, is a matroid with no loops. If A is a 
flat of the matroid, then £(A) = E\T(A) is a closed set of the matroid. Therefore, 
a signed flat (A, a) is an assignment of a sign + or — to each element of the 
complement of the closed set A. If we extend this by assigning to each element of 
A, then a induces a covector in the sense of oriented matroids. (See |§3.4~T ) O 



Among other things, the following establishes that the product of signed flats is 
well-defined. 

Proposition 3.1.3. Let (E,^) be an interval greedoid, A,B £ $ and X £ & ' . 

(1) If B < [X] and x £ T{X), then either x £ T(B) or B < [X U x}. 

(2) If A<B, then T(B) C T(A) U £(A) . 

(3) r(A v b) c r(A) ur(B). 

(4) r(A V B) U C(A V B)C (T(A) U C(A)) n (T(B) U £(£)). 

froo/. (1) Pick Y £ ^ such that B = [Y]. Suppose [Y] < [A] and let x £ T(A). 
Then there exists Z £ JF/X such that AUZ ~ Y. Applying axiom (IG2) repeatedly 
to X and X U Z yields a sequence Ic(lUzi)c(lU {zi,z 2 }) C • • • C (X U Z) 
of feasible sets. Put Xq = A and let X- L = A^_i U Zj for 1 < i < r = \Z\. 

X U {zJC ^ A U {zi, z 2 Y ^ • • - c ^ A U Z - Y 

AtcH 

~^IU {a;}^ > A U {z x ,xY ^ ■ ■ •< *- lUZU{i} 
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Since x G T(X), X U x G If [X U x] = [X U zi], then [F] = [XUZ] < 
[X U zi] = [IUi] since X C X U Z . U [X U x] ^ [X U Zi], then X U {x, Zi} G ^ 
by proposition 2. 6. 7| since x,zi G r(X). Thus, sc, z 2 G r(XUzi). If [XU{zi,x}] = 
[X U {zi, Z2}], then [Y] < [XUi] using a similar argument as in the previous case. 
If [X U {zi,x}} /[1U {z!,z 2 }], then X U {z 1 ,z 2 ,x} G & by |Proposition 2.6.7| 
Continuing in this manner we get either that [Y] < [X U x] or (X U Z) U x G J^. 
That is, either B = [Y] < [X U x], or x G r(Y) = F(B). This proves the statement. 

(2) Pick X,Y e,^ such that A = [Y] and B = [X]. If [Y] < [X] and a; G T(Y), 
then x G T(F) or [Y] < [IUi] by (1). In the latter case, x G £(X Ui) C £(Y) 
since £ is order-reversing. Thus, x G r(Y) or x G £(Y). 

(3) Pick X G J 5 " such that A V £ = [X]. Let x G r(X). Then IUi£# and 
[IUi] < [X]. Since [X] = A V B, it follows that [X U x] is not above both A and 
B. If A j£ [XlJx], then the above applied to A\/ B and A gives that x G r(A) since 
4^[IU4 Similarly, if B £ [X Ux], then x G r(B). Hence, x G T(A) U r(B). 

(4) Since £ is order-reversing, it follows that £(A VB) C £(A) n £(B). (4) now 
follows from (2). □ 

The next result collects some properties of the product and partial order of signed 
flats. 

Proposition 3.1.4. Let (A, a) and (B,0) denote two signed flats over an interval 
greedoid (E , jF) . Then 

(1) (A, a) < (B, 0) if and only if (A, a) o (B, 0) = (B, 0) . 

(2) (A, a) < (A,a)o(B,0). 

(3) If A < B, then (B,0) o (A, a) = (B,0). 

(4) The product o is associative. 

(5) (A, a) o (B, 0) o (A, a) = (A, a) o (B, 0). 

(6) (A, 2) o (A, a) = (A, a). 

Proof. (1) Suppose (A, a) o (B, /?) = (B, /?). Since (A, cE) o (B, 0) = (A V B, a o 
it follows that B — AM B and that = a o 0. Therefore, A < B and /3(x) = 
(5 o /3)(x) = S(x) for all x G T(A) n r(B). Thus, (A, 5) < (B,0). 

Conversely, suppose (A, a) < (B,0). Then A < B and a(x) = 0(x) for all 
x G r(A) n T(B). Therefore, A MB = B. It remains to show that (5 o /3)(x) = 0(x) 
for allx G T(AMB) = T(B). Let x G T(B). If x G r(A), then (ao0)(x) = a(x) and 
S(x) = 0[x) since Sand /3 agree on T(A)C\T(B). If x ^ r(A), then (ao0)(x) = 0(x). 
Therefore, and a o agree on T(AM B). 

(2) First note that A < A V B by the definition of V. We need only show that 
a and a o agree on T(A) (~l r(A V B), which follows from the definition of a o 0. 
Therefore, (A, a) < {A V B, a o /?) = (A, a) o (B, /?). 

(3) If A < B, then A V B = B, so T(A V B) = T(B). So the domains of o a and 
are the same. And from the definition of o, if x G r(B), then (0 o <S)(x) = /3(x). 

(4) , (5) and (6) are straightforward to verify using similar arguments. □ 
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3.2. Covectors. Let (A, a) denote a signed flat. Then a : T(A) — » {+, — } can be 
extended to a map a : E — > {0, +, — , 1} as follows, 

if e G T(A), 
<ii.): { 0, ifeef(A), 
otherwise. 

This map a is called the covector of the signed flat (A, a). 

Example 3.2.1 (Antimatroids). Let £ be a finite subset of R n and r(X) = 
conv(X)n£'. Let (E, J?) denote the corresponding upper interval greedoid. Suppose 
(A, a) is a signed flat of (E, and let X G & with A = [X]. Then the covector a 
of the signed flat is obtained by assigning to the points in the exterior of E\X, 
a(x) to the points e G ext(E\X), and 1 to the non-extreme points contained in 
E\X. See |Figure 3| for an example. O 

Note that a signed flat (A, a) can be recovered from its covector a. Indeed, the 
set of indices e £ £ such that a(e) = is precisely the set £,{A), from which A 
can be recovered ( [Proposition 2. 6. 12] ). Therefore, there exists a map from the set 
of covectors of (E, J£") to the lattice of flats $, 

supp(a) = [i ({x G E : a(x) = 0}) . 

The product on signed flats can be formulated for covectors as follows. Let a, (3 : 
E — > {0,+,— ,1} be the covectors of the signed flats (A, a), (B,(3), respectively. 
Define a partial order on the symbols 0, +,— ,1 according to the following Hasse 
diagram. 

1 



Define 

(a*/3)(e) 



/3(e), if /3(e) > a(e), 
a(e), otherwise 



and 



(ao/3)(e) 



(a*/3)(e), if e G r(iVB) U £{A V5), 
1, otherwise. 



Example 3.2.2 (Covector multiplication in an antimatroid). Let a and /3 be cov- 
ectors of (E, JF) from |Examplc 3.2.1 and X' and V' their underlying closed sets. 



The covector a o /3 is obtained as follows. Let Z' = t(X' U y'). Then (a o (5){z) is 
if z is in the exterior of Z 1 , 1 if z is a non-extreme point of Z 1 , a(z) if z G ext(X'), 
and j3(z) otherwise. |Figure 4] depicts the product of the covectors from |Figure 3] 

O 

Proposition 3.2.3. Suppose a and (3 are the covectors of the signed flats (A, a) 
and {B, /3), respectively. Then the covector 7 of (A, a) o (B, (3) is a o /3. 
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Proof. By definition, the covector 7 of the signed flat (A V B, a o 0) is given by: 
7(e) = (3o/3)(e) if ee r(iVB); 7(e) = if e G £{A V B); and 7(e) = 1 otherwise. 

Suppose e r(A VBjU^iVB). By the definition of the product of covectors, 
(a o (3)(e) — 1. Hence, (a o /3)(e) = 7(e). 

Suppose e € £(AV B). Then e G and e G £(B) since £ is order-reversing. 

This implies that a(e) = /3(e) = 0, hence (ao/3)(e) = 0. Therefore, (ao/3)(e) = 7(e). 

Suppose e G F(AVB). By |Proposition 3.1.3[ 3), e G F(A)UF(B). If e G F(A), then 
/3(e) > a(e), so (ao/3)(e) = a(e) = a(e). If e £ F(A), then e G F(B) n£(A) and so 
/3(e) > = a(e). Hence, (ao/3)(e) = /3(e) = /3(e). Therefore, (ao/3)(e) = (ao/3)(e) 
for all e G F(AVB). □ 

Example 3.2.4. Let E = {x, y} and & = {0, {y}, {x, y}}. Then (E, is an up- 
per interval greedoid. There are five covectors of (E, J?), described in the following 
table. 



[X] 


T(X) 


covectors over [X] 


[0] 


M 


(!>-) 


[{y}] 


{x} 


(+,0), (-,0) 


[{*,v}] 





(0,0) 



The partial order on these covectors is illustrated below. 

a,-) 



(-,o) 



(0,0) 

Observe that the product of two covectors a and /3 can be computed using *, or 
using the following identity: 




a o (3 



(3, if /3 > a, 



a, otherwise. 

For example, (+, 0) o (-, 0) = (+, 0) and (+, 0) o (1, -) = (1, -). 

Let a and /3 be covectors of (B, J£"). The separation set of a and (3 is 
S(a, f3) = {e G E : a(e) - -/3(e) G {+, -}}. 



O 
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Note that S(a,/3) C r(supp(a)) n r(supp(/3)). 

The next result establishes some properties about covectors. See also |Proposition 3.1.4| 
Lemma 3.2.5. Let a and (3 be covectors of an interval greedoid (E,JP). 

(1) a < f3 if and only if a o (3 — (3. 

(2) a < f3 if and only if a(e) < /3(e) for all e G E. 

(3) a < (3 if and only if S(a 1 (3) — and supp(a) < supp(/3). 

(4) Ifa(e) = 1 or /3(e) = 1, then (ao/3)(e) = 1 = (/3oa)(e). 

Proof. Let A = supp(a) and B = supp(/3). By definition, a < /3 if and only if 
A < B and a and (3 agree on T(A) n T(B). 

([1} This follows from |Proposition 3.1.4| and |Proposition 3.2.3| 

© Suppose a < (3 and let e € E. If e ^ U r(B), then /3(e) = 1, so 

a(e) < /3(e). If e e £(A), then a(e) = 0, so q( e) < /3(e). So supp ose e G ^(S)ur(S) 
and e £ Then e £ r(A) n T{B), by proposition 3.1.3| Then a(e) < /3(e) 

because a and (3 agree on r(A) n T(B). 

Conversely, suppose a(e) < /3(e) for all e G E. Since {e : /3(e) = 0} C {e : a(e) = 
0}, we have supp(a) < supp(/3). If e G T{A) (~1 T(B), then a(e),/3(e) G {+,-}, 
which implies a(e) = /3(e) because a(e) < /3(e). Thus, a< f3. 

© If a < /?, then A < B, and 5(a, /3) = because 5(a,/3) C r(A) n T(B). 
Conversely, if A < B and S(a,(3) = 0, then a(e) = /3(e) for all e G r(A) H T(B), 
so a < p. 

gj If (ao/3)(e) £ 1, then e G r(A VB) U£(AVB) C (r(A)U^(A))n(r(B)U^(B)) 
by proposition 3.1.3[ 4). Hence, a(e) ^ 1 and /3(e) ^ 1. □ 

Remark 3.2.6. The converse of (TJ| is false. Counter-examples are depicted in |Figure~5) 
They also illustrate that the following containments can be proper. 

T(A VB)U £{A VB)C (T(A) U n ((T(B) U £(£)), 

?(i'vB') c£(A')n £(£')• 



+ 





— • • 





1 



a o [3 
1 



a' 0> a' o /3' 

Figure 5. Counter-examples to the converse of lLcmma 3.2.51 



3.3. Oriented interval greedoids. For any covector a, let —a be the covector 
obtained from a by replacing + with — and — with +. 

Definition 3.3.1. An oriented interval greedoid is a triple (E,^,Q), where 
(E, J^") is an interval greedoid and Q is a set of covectors of (E, satisfying the 
following axioms. 
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(0G1) The map supp : Q — > $ is surjective. 
(OG2) If a G G, then -a G £. 
(OG3) If a, /? G 5, then ao^eg. 

(OG4) If a, (3 G <7, x € S^a, /3) and (ao/?)(i) ^ 1, then there exists 7 G <5 such that 
7(2;) = and for all y ^ S^a, if (a o (3)(y) ^ 1, then 7(2/) = (a o /3)(y) = 

(/?° «)(»)■ 

As we will see in Section |§3.4.1| these conditions are modelled on the covector 
axioms for oriented matroids. In the next section we will present various examples 
of oriented interval greedoids. We record here the following observation. 

Lemma 3.3.2. Suppose a and (3 are covectors of an oriented interval greedoid. If 
(ao(3){y) y£ (/3oa)(y), then a(y) = -/3(y) G {+, -} (that is, y G S(a,/3).) 



Proof. Let C = supp(a o (3) = supp(/3 o a). Then (a o 0) (y) = 1 iff y T(C) U £(C) 
iff {fi o a )(y) = 1. Similarly, (a o (3){y) = iff y G £(C) iff (/3 o a)(y) = 0. Thus 
a(y),/3(y) C {+, -}. The result follows. □ 

Corollary 3.3.3. Suppose a and (3 are covectors of an oriented interval greedoid. 
Then {a o 0) (y) = (/3 o a) (y ) /or all y £ S (a, (3). 

3.4. Examples. This section presents some examples of oriented interval gree- 
doids. 



3.4.1. Oriented Matroids. Let E be a finite set. An oriented matroid is a collec- 
tion of maps from E to {0, +, — } that satisfies the following axioms. 

(OM1) contains the map z(e) = for all e G E. 

(OM2) If a G 0, then -a G 0. 

(OM3) If a,/3 G then a o /3 g ^, where 



(ao/3)(e) 



a(e), if a(e) ^ 0, 
/3(e), ifa(e) = 0. 



(OM4) Suppose a, f3 £ and let S(a,(3) = {e G E : a(e) = -/3(e) ^ 0}. For every 
e G S(a,j3) there exists 7 G with 7(e) = and 7(7) = (a o 0(f) = 
(/3oa)(/) for all/G^a,/?). 

If ^ is an oriented matroid, then the set of zeros of the elements of form the 
closed sets of a matroid (E,J?). The matroid (E,^) is the underlying matroid 
of the oriented matroid and is said to be an oriented matroid on (E, J?"). 

Theorem 3.4.1. Suppose (E,JP) is a matroid without loops. Then is an oriented 
matroid with underlying matroid (E, if and only if (E, J?", 0) is an oriented 
interval greedoid. 



Proof. Let (E, J?) be a matroid and let (E, J?, Q) be an oriented interval greedoid. 
Since £(A) = E\T(A) for any flat A of a matroid without loops, a covector of 
(E,^) takes values in {0,+,—}. Therefore, Q is a collection of maps from E to 
{0, +, -}, and g satisfies (OMl)-(OM4) since it satisfies (OGl)-(OG4). So Q is an 
oriented matroid. 
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Conversely, suppose that G is an oriented matroid with underlying matroid 
(-£?, J?). If a £ then the set f(a) of zeros of a is a closed set of the matroid, 
and there is a unique flat A satisfying £,(A) = ({a). Therefore, a gives a signed flat 
(A, a|r(A))> an d the covector of this signed flat is a. So 6 is a set of covectors of 
the interval greedoid (E, jF). It is straightforward to check that the axioms for an 
oriented interval greedoid are satisfied by 6 . □ 

3.4.2. Antimatroids. Next we show that the set of all covectors of an antimatroid 
forms an oriented interval greedoid. This collection of covectors, viewed as a poset, 
is the central object of study in the work of Billera, Hsiao, and Provan [BHP08J. 
We also show that this is the only oriented interval greedoid structure on an anti- 
matroid. 

We begin with an example to illustrate how to obtain a covector 7 satisfying 
(OG4). 

Example 3.4.2. Let a and (3 be the covectors in |Figure 3| Then S(a,f3) — {x}, 
where x is the vertex that is circled in |Figurc 6) Let 7 be the covector in |Figure 6] 
Then j(x) = 0; and for all y <£ S(a,/3): 

(1) if (a o p)(y) = 0, then 7(2/) = (/? o a)(y) = 0. 

(2) if (a o I3)(y) = +, then 1 (y) = (/3 o a)(y) = +. 

(3) if (a o (3)(y) = -, then 7 (y) = {fi o a)(y) = -. 

(4) if (ao/3)(i/) = l J then7(i/) ? 4 0. O 




Figure 6. If a and j3 are the two covectors in |Figure 3| and x is 
the circled vertex, then the covector 7 illustrated here satisfies the 
conditions of (OG4). 

Theorem 3.4.3. Suppose (E, J^) is an upper interval greedoid. Let Q denote the 
set of all covectors of (E, J£"). Then (E, Q) is an oriented interval greedoid. 

Proof. We will show that (OGl)-(OG4) hold. 

(OG1) Suppose A £ $ is a flat. Let (A, a) be a signed flat of (E, and let a 
denote the covector of this signed flat. Then a £ Q and supp(a) = A. 

(OG2) Suppose a £ Q. Let A — supp(a). Then (A, — a|r(A)) is a signed flat of 
(E, JP). The covector of this signed flat is precisely —a. So —a £ Q. 

(OG3) If a, (3 £ Q, then a o (3 is a covector of (E, JP), so a o (3 £ Q. 

(OG4) Suppose a,(3 £ G and x £ S(a,[3) satisfies (a o (3)(x) ^ 1. Let (E,t) 
denote the convex geometry that is complementary to (E,JP) (see |§2.3^2"1 ). Let 
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A = supp(a) and B = supp(/3). Then A = [X] and B = [Y] for some I,Fgf. 
Let X' = E\X and Y' = E\Y. Then X' and 7' are closed sets in (E, t). 

Step 1: We show thatx is an extreme point o/r(X'UF'). Since {ao(3)(x) g" {0, 1}, 
we have x £ T(A V B). Since AV B — [E\r(X' U Y')] ( [Example 2.6T8| , we have 
T(A VB) = cxt(r(A' U F')) by |Example 2X5] Thus, x £ ext(r(X' U Y')). 

Step 2: We define 7. Let Z' — t(X' U Y') — x. Since x is an extreme point of 
t(X' U Y 7 ), it follows that x is not in Z'. Hence Z' is a closed set not containing 
x. Let Z = E\Z'. Then Z £ JP and x £ Z. Define a map 7' : T(Z) -» {+, -} 
for y £ r(Z) as follows: if y £ r(A V _B), then set 7'(y) = (a o /3)(y); otherwise 
arbitrarily set j'(y) to be + or — . Let 7 be the covector of the signed flat ([Z],7') 

Step 3: 7 has the desired properties. First note that 7 e § since 7 is a covector 
of (E, Next observe that 7(2;) = since i£ZC £([£])■ Let y ^ S(a, (3). 

Suppose that (a o /3)(y) ^ 1. Then y G r(A VB)U V B). Since £(A v B) = 
E\ T {X'UY>) C2C £([Z]), if V G £(AvB), then 7 (y) = = (a°/3)(y) = (/3oa)(y). 
On the other hand, if y £ T(A V B) = ext(r(X' U Y')), then y is an extreme point 
of Z' = t{X' U Y') — x (since y 7^ x). Equivalently, y £ r(Z). So, by definition of 7 
and because y ^ S(a,/3), j(y) = (a a (3){y) — {(3 o a)(y). □ 

Proposition 3.4.4. Let (E, &e an antimatroid. Then the only oriented structure 
on (E,^) is that constructed in \Theorem 3.4-~3\ 

Proof. Let (E, JF, Q) be an oriented interval greedoid. Let a be an arbitrary covec- 
tor. We wish to show that a £ Q. 

Let F(supp(a)) — X — {x%, . . . ,x r }. Let Y — E\ (AUsupp(a)). For any x £ X, 
Y x = supp(a) U (X \ {x}) is feasible. Also, T{Y X ) n r(supp(a)) = {x}. By (OIG1), 
we can find a covector (3 X £ Q with supp^) = Y x . By (OIG2), we can choose X 
so that f3 x agrees with a on x. Now (3 Xl o • • • o /3 ;Er = a is in □ 



3.4.3. Complexified Hyperplane Arrangements. An (essential) real hyperplane ar- 
rangement is a finite set of hyperplanes {0i, 62, ■ ■ ■ , ©«} in R d satisfying p| 0j = 
{0}. Let E 1 = {1, 2, . . . , n} and for each e £ _E fix a linear form t e : R d — > R such that 
O e = ker(^ e ). Extending scalars, we can also think of £ e as defining a linear map 
from C d to C. Define H e to be the kernel of this map. It is a hyperplane in C d . The 
collection A — {Hi, . . . , H n } forms a complexified hyperplane arrangement. 
Also define Hf = {z£ C d : 3(4 (z)) = 0}. 

(Note that not all complex hyperplane arrangements are complexified arrang- 
ments; that is to say, not all complex hyperplane arrangements arise from a real 
hyperplane arrangement in the way we have just described.) 

For any z = x + iy £ C, let 

1, ify^O, 

. +, if y = 0,x > 0, 
o-^{x + iy) = { ac s (x + iy) = 

— , if y = 0, x < 0, 

0, if y = 0,25 = 0, 
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Figure 7. The poset of co-vectors of the complex hyperplane ar- 
rangement in C. 

and for every zG C d , let 

= U(*(i)), = 
\o*(^i(l)), ifft = -ff<. 

Note that (a{H,),a(Hf)) e {(0, 0), (+, 0), (-, 0), (1, +), (1, -)} for all 1 < e < n. 

Example 3.4.5. There is a unique complexified hyperplane arrangement in C, 
namely A = {H Q = {0}}. In this case {a s : z e C} = {(0, 0), (+, 0), (-, 0), (1, +), (1, - 
is the set of covectors of the interval greedoid (E,.^) with E = {Ho,Hf} and 
& = {0, {Hf}, {H , Hf}} (cf. |Example 3. 2. 4[ ). [Figure 7| illustrates the partial or- 
der on these covectors. O 

Let A = {Hi, . . . , H n } be a complexified hyperplane arrangement in C d . Let C 
be the lattice of all intersections of subspaces from the set 

E A = {Hi, . . . , H n , Hf, . .., Hf}, 

ordered by inclusion. Then £ is a lower semimodular lattice and E A is the set 
of meet-irreducible elements of C |BZ92aj . By [Proposition 2.4. 1| (E_a,JPj{) is an 
interval greedoid, where 

&a = {{hi, h 2 , ■ ■ ■ , h k } c E A : C d > hi > ■ ■ • > (hi n h 2 n • • • n h k )} ■ 

Lemma 3.4.6. Let A be a complexified hyperplane arrangement, and let [Eai^a) 
be the interval greedoid as defined above. Then, for X £ we have 



(3.1) = J h £ E : p| tiC hi, 

I ft'ex J 

(3.2) 

r(X) = J Hf e £ : p| /i ^ flf I U J # e e E : f] h C Hf and f] h % 
I hex J I hex hex 



Proof. (3.1) follows directly from |Example 2.6. 16[ We now show (3.2) Let M = 
l^hexh C C d . Thinking of C d as a 2d-dimensional real vector space, we can de- 
compose it into real and complex parts as C d — 5ft(C d ) © 3(C d ), where each of 
the summands is a d-dimensional real vector space, and multiplication by i pro- 
vides an isomorphism from 5R(C d ) to 3(C d ). Note that Hi and Hf can also be 
expressed as a direct sum of a real and a complex part. (This relies on the fact that 
our arrangement is a complexified real arrangment, rather than being an arbitrary 
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complex arrangement.) Note further that in either case, the imaginary part corre- 
sponds to a subspace of the real part. It follows that M, also, can be written as 
M = 3?(M) © S(M), with 3(M) a subspace of U(M). 

Observe first that if iff ^ M, then, since iff is real codimension one in C d , we 
have M > M n iff, so iff G V{X). Also, in this case, we have M fl iff > M n if e , 
because O e ^ 3f(M), and thus e ^ 3?(M) either. It follows that in this case 

iff g rpo and if e grpq. 

Finally, if iff > M, we observe that ff e is codimension one in iff, and thus 
that cither ff e > M or M > M n if e . This completes the proof of the lemma. □ 

Lemma 3.4.7. Let ^4 = {ifi, . . . , H n } be a complexified hyperplane arrangement 
in C d . Then ag is a covector over the interval greedoid (f?_4, &X)> f or every z G C . 

Proof. Recall that a map a : E — > {0, +, — , 1} is a covector of an interval greedoid 
(E, if and only if there exists such that a(e) = if and only if e G £(X), 

ct{e) = ± if and only if e G T(X), and a(e) — 1 otherwise. 

Let a = a? be defined as above. Observe that a{h) = if and only if z G h. Let 
A = {h e E : a{h) = 0} = {Hi : z G if,} U {iff : z G iff } C E 

and let X be maximal among the elements of ^4 contained in A 

We show that a(h) — if and only if h G £(X) by showing that £(X) = A 
Suppose h G £{X). Then ft D C\ h : eX ti ■ Since X C A, it follows that a(ti) = for 
all h' G X. Thus, £ G ft' for all /i' G X. It follows that z € h. Thus, ft G A 

Conversely, suppose h G A Then a(ft) = 0. If /i = iff, then {ft,} G ^4, so we 
can augment {h} from X until we get a set Y of cardinality \X\. Since X is maximal 
among the feasible sets contained in A and \X\ = |Y|, Y is maximal as well. Thus, 
X ~ Y, so y C £(X). In particular, ft, G £(AT). On the other hand, if h = Hi, then 
£i(z) = 0, so iff G A also. Since {Hi,H^} G ^4, the same argument shows that 
h G £(X). Thus, A C 

Next we show that a(ft) G {+, -} if and only if a(ft) G r(X). Let ft G T(X). 
Since £(X) and T(X) are disjoint, it follows from the above that a(h) ^ 0. So it 
suffices to show that a(h) G {0, +, — }. By construction, this is true for ft = iff since 
a{Hf) = ctq(£;(z)) G {0, +, -}. If ft = ifi, then, by the above description of T(X), 
we have iff G £(X). So, ^(^(z)) = 0, which implies a(h) = a^l^z)) G {0, +, -}. 

Conversely, suppose a(h) G {+, — }. Since a(h) / 0, we have ft ^ £(X), or 
equivalently, C\ x ex x 2 ^- So if ft = iff, then ft G r(X). If ft = ifi, then we need to 
show that iff D f\ xeX x, or equivalently, iff G Well, (7^(^(2*)) = a(ifi) G 

{+, -}, so ctq(^(z)) = 0. This implies iff G Hence, ft = ifi G r(X). 

Finally, it follows from the above that a(h) = 1 if and only if ft ^ r(JT) U £(X). 
Therefore, a is a covector of (-EU, &a)- □ 

Remark 3.4.8. As in |Examplc 3.2.4] the product of two covectors a and /? can be 
computed component-wise, or pair-wise using the identity: 



((a o /?)(#,), (a o /?)(£*)) 
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(p(Hi),l3{H?)), if {p{Hi)rf{H?)) > (aiHMH?)), 
(a(Hi),a(Hf-)) , otherwise, 



where the comparison {P{Hi),P{Hf)) > (a{Hi),a(Hf)) is performed in the poset 
illustrated in |Figure~7| 

Theorem 3.4.9. If A = {Hi, . . . ,H n } is a complexified hyperplane arrangement 
in C d , then Q = {as : z € C } is an oriented interval greedoid over (Ea,&a)- 

Proof. We show that Q satisfies (OGl)-(OG4). 

(OG1) Suppose [X] is a flat of {Ea,&a) for some X G ,^a- Let z be a generic 
point of PIkgx x - ^ ne support of ag is the flat [Y] such that Y is maximal among 
feasible sets contained in {h : ceg(h) — 0}. Since z is generic, this set is equal to 
£(X). It follows that Y is equivalent to X, so [X] = [Y] = supp(a?). 

(OG2) Suppose ag 6 Q. Then —as — as because ai(£j(—z)) = ai(—£j(z)). So 
-a s G Q. 

(OG3) Let as, a$ G Q. For sufficiently small t > 0, we have cr^(u + tu) = 
ctsjj (m) ctsr (-u) and + t£?) = ctq(u) * ctq(w). It follows that as+ty = as ° ag for 
a sufficiently small i > 0. 

(OG4) Let a, (3 G Q and ft G 5(a,/3) such that (a o 0)(h) ^ 1. Pick x,y £ C d 
such that a = and /3 = a^. We can assume for all 1 < i < n that the line 
tx + (1 — t)y, for < i < 1, does not intersect -Hi if cc and y are not both contained 
in Hf' (otherwise perturb x and y slightly). 

Since h G S(as,a^), we have as(h) = —a^(h) G {+,—}. Hence, %t(£h{x)) and 
^(£h(y)) or and ^s(£h(y)) have opposite signs, where ^ is the form associ- 

ated to h (that is, h — ker(£f l ) or h = ker^) 31 ). So there exists < t < 1 such that 
the real part (or imaginary part) of £h{tx + (1 — t)y) is zero. Let 7 = ats+n—t)y- 
Then j(h) = 0. 

Let e S^S; and (qj o ag)[e) ^ 1. Suppose first that e = Hi for some i. 
Then SJ(£j(5)) = = 3?(£j(j7)), for otherwise (a^ o a#)(e) = 1. This implies that 
$s(t£i(x) + (1 - = 0, so 7(e) = <Tx(£i(tx + (1 - t)y)) is the sign of 

SR (4(tf + (1 - t)y)) = i5i + (1 - i)H . 

Since both of the coefficients t and (1 — t) are positive and since 3? (£»(£)) and 
3? {£i{y)) are not of opposite signs, it follows that 7(e) is the sign of 3?(£j(5?)) if it is 
nonzero and the sign of $t(£i(y)) otherwise. This is precisely (afoaj)(e). Similarly, 
if e = iff ^ 5(aa, a#), then 7(e) = (as o a#)(e). □ 



4. Restriction and contraction of oriented interval greedoids 

4.1. Contraction. This section introduces an operation on oriented interval gree- 
doids that produces an oriented interval greedoid on the contraction of the under- 
lying interval greedoid. We begin by studying the relationship between an interval 
greedoid and its contractions. 
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4.1.1. Contraction of interval greedoids. Let (E,^F) denote an interval greedoid 
and $ its lattice of flats. Recall that for X G J?, the contraction of (E, J?) by X 
is the interval greedoid with feasible sets 

,^/X = {Y C E\X :7UXeJ} 

and ground set \J Y e^/x ^ ■ We let 3>/X, T/X and £/X denote the corresponding 
notions in the contraction. For Y G &/X, we let (§>/X)(Y) denote the flat in the 
contraction that contains Y. 

Proposition 4.1.1. Suppose (E,^) is an interval greedoid and X G & ' . Then 

(1) <&/x = [6, [x\\ c $. 

(2) IfY€3?/X, then (T/X)(Y) = T(XUY). 

(3) // y g ^/x ; tten (£/x)(y) c e(y ui)n \J ze # jx z. 

Proof. (1) Define a map <I>/X — > [0, [X]] by mapping the flat containing Y (in 
the contraction &/X) to the flat [y U X] of (E,&). The fact that this map is 
well-defined follows from the identity: {&/X)/Y = &/{X U Y) for X G and 
y G & jX. This identity also implies that the map is injective. It remains to show 
that the map is surjective. Let [Z] < [X]. Then £(X) C £(.Z). Hence, there exists Z' 
containing X with Z' maximal among the feasible sets contained in £(Z). Therefore, 
Z'\X G &/X, and Z'\X maps to the flat containing (Z'\X) U X = Z', which is 
[Z] by [Proposition 2.6. 1| 

(2) Suppose x G (r/X)(y). Then YUx £ &/X. So (lU^jUie Jf. That is, 
x G r(X U y). Conversely, suppose x G r(X U Y). Then X U (Y U x) G ^, and so 
(Y U x) G =F/X. That is, X G (r/X)(y). 

(3) Let x G (£/X)(y). Then x E W for some H" G J^/X that is equivalent (in 
JPJX) to y. So x G Uzejsyv ^- And smce the map defined in (1) is well-defined, 
we have [XUY] = [XUW]. Hence, xeW C£(XUW)= £(X U Y). □ 

We remark that the containment in the previous result can be proper. 

4.1.2. Contractions of oriented interval greedoids. Let {E,&,Q) be an oriented 
interval greedoid and <E> = supp(C?) the lattice of flats of (E, J?"). For A G let 

G<a = {a G G ■ supp(a) < A}. 

Then G<a is a subsemigroup of Q. We'll show that it is isomorphic to an oriented 
interval greedoid over the contraction of (E, by X G where A = [X]. 

Let a be a covector of (E, JF) with supp(a) < [X], By definition of the partial 
order, there exists Y G J^/X such that supp(a) = [X U Y], Therefore, Y is a 
feasible set in the contracted interval greedoid and so it makes sense to talk about 
its flat ($/X)(y). By restricting a to the subset (r/X)(y), we get a signed flat 
(($/X)(y), oj|(w wy)) of the contracted interval greedoid. We denote the covector 
of this signed flat by conx(a). Then, 

ffj, ifeG(£/X)(y), 
(4.1) con x (a)(e) = I a(e), if e G (T/X)(Y), 

(l, otherwise. 

It follows from [Proposition 4.1.1| that if conjf (a)(e) ^ 1, then conx(a)(e) = a(e). 
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Lemma 4.1.2. Suppose (E,&) is an interval greedoid and let X G J?. Let a and 

[5 be covectors of (E,^) with supp(a), supp(/3) < [X]. 

(1) (supp/X)(con x (a)) = (<P/X)(Y) and (supp / X)(con x (/3)) = (*/X){Z), 
where Y, Z G & /X satisfy [X U Y] = supp(a) and [X U Z] = supp(/3). 

(2) conx(a) ° conx(/3) = conx(a o /3). 



Proof. (I) Since conx(a) is the covector of the signed flat ((&/X)(Y), a\rr/x)(Y))> 
it follows from the definition of supp jX that (supp /X)(conx(a)) = [$/X)(Y), 

(2) We first argue that the supports of the two elements are the same. It follows 
from the definition of o that the support of conx (a) o conx(/3) is the join of their 
supports, so it is ($/X)(Y) V ($/X)(Z) by (I). Under the isomorphism $/X = 
[0, [X]], this corresponds to [X UF] V [X U Z], which we can express as [X U W] for 
some W G &/X. Hence, ($/X)(Y)V($/X)(Z) = ($/X)(W). Note that [XUW] is 
also the support of a a (3, so (I) implies that (supp /X) (conx (a o/3)) = ($/X)(W). 

Since both conx(ce)oconx(/3) and conx(ao/3) are covectors of support (<&/ X)(W), 
to show that they are equal it suffices to show that they agree on (T/X)(W). Let 
e G (T/X)(W). Then, 

/ fa\\r\ Jcon x (/3)(e), if con x (/3)(e) > con x (a)(e), 

(conx (a) ocon x (/3)) (e) = <^ . 

I conx(ct)(e), otherwise. 

Since (conx(a)oconx(/3))(e) ^ 1, it follows that neither conx(a)(e) nor conx(/3)(e) 
is 1. Hence, conx(a)(e) = a(e) and conx(/3)(e) = /3(e) (see the sentence following 



(4.1)| ). Therefore, 

(conx (a) o con x (/3)) (e) 



/3(e), if /3(e) > a(e), 
a(e), otherwise. 



This is precisely (a o /3)(e), which is conx (a o /3)(e) by (4.1) □ 



Proposition 4.1.3. Let (E,^,G) denote an oriented interval greedoid and let 
leJ. Then 

G/X — {conx (a) :a£5 and supp(a) < [X]} 
defines an oriented interval greedoid over the contraction of (E, by X . 



Proof. (OG1). Let A G <P/X. Then A = ($/X)(Y) for some Y G &/X, and 
so [Y U X] G <f>. Since Q satisfies (OGI), there exists a G Q with supp(a) = 
[Y UX] < [X]. T hen con x (a) G £/X and (supp /X) (conx (a)) = ($/X)(Y) = A 
bv lLemma 4.1.21 

(OG2) Suppose v G Then there exists some (3 £ G such that supp(/3) < [X] 

and con x (/3) = f. Then -f3 G G by (OG2), and so -i/ = con x (-/3) G G/X. 

(OG3) Suppose conx(a) and conx(/3) are in G/X. Then a o /3 G 5, by (OG3), 
and supp(o; o /3) = supp(a) V supp(/3) < [X]. Therefore, conx (a o /3) G (//X. By 
ILcmma 4.1.21 conx(a o /3) = conx(a:) o conx(/3), so conx(ce) o conx(/3) G £//-X\ 

(OG4) Suppose conx (ck), conx (/?) G G/X, and let x G (S , /X)(conx(of), conx(/3)) 
such that (conx (a:) ° conx(/3))(.x) ^ 1. 
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Since conx(a)(x) — — conx (/?) (x) G it follows from (4.1) that a(x) = 

—/3(x) G {+,—}. Hence, x G S(a,/3). Since conx(a o f3) = conx(a) ° conx(/3), 
it follows that conx{a o /3)(x) 7^ 1, which implies that (a o f3){x) ^ 1. Therefore, 
(OG4) applies to a, (3 and x to guarantee the existence of 7 6 C? satisfying 7(2;) = 
and for all y <£ S(a,0), if (aof3){y) ^ 1, then 7 (y) = (a o (3)(y) = (f3oa)(y). We 
claim that conx(7) satisfies the conditions of (OG4) for Q/X. 

We first show that supp(7) < supp(ao/3). Indeed, if (ao/3)(y) = 0, then a(y) = 
and (3(y) = 0, so y <£ S{a, 0). We conclude from (OG4) that j(y) = (a o (3)(y) = 0. 

Next we argue that conx(7)(x) = 0. Since supp(7) < supp(a o /3), it fol- 
lows that (supp /X)(conx("/)) < (supp /X)(conx(a o (3)). Then [Proposition 3.1.3| 
and the assumption that conx(a ° f3)(x) 7^ 1 implies that conx(7)(a;) 7^ 1. If 
conjc(7)(a;) G {+,—}, then 7(2;) G {+, — } contradicting the fact that 7(2;) = 0. 
Therefore, conx(7)(#) = 0. 

Now let y G Uze&/x % w * tn V t (^/^)( con x( a )i con x (P)). We claim that 
y £ S(a,(3). If y G S(a,[3), then = -/%) G {+,-}, and so con x (a)(y) = 



a (s/) = ~P(y) = ~~ con Jf (/?) (y) € {+j — } by (4.1) a contradiction 



Now suppose that cony (a o (3)(y) 7^ 1. As above, [Proposition 3. 1.3| implies that 



conx(7)(y) 7^ 1. Then the sentence following (4.1) implies that conjf (a o (3)(y) 



(a o /?)(?/) and that coiix(j)(y) = "f{y)- Hence, (a o /3)(y) 7^ 1, so j(y) = (a o 
= {P°a)(y) by (OG4). Therefore, con x (7)(y) = (con x (a) o con x (/3))(y) = 
(conx(/3) o conx(a))(j/). □ 



The following result identifies Q/X with a subsemigroup of 

Proposition 4.1.4. Lei (E,^,Q) denote an oriented interval greedoid and let 
X G T/ien i/iere zs a semigroup isomorphism 

G<[x] — Q/X 

given by mapping a G Q with supp(a) < [X] to conjsf(a). 

Proof. ILcmma 4.1.21 shows this is a semigroup morphism. The morphism is sur- 
jective by definition of Q/X. It remains to show that the morphism is injective. 
Suppose conx(a) = conx(P). Then supp(a) = supp(/3), which can be written as 
[XUY]. Now (T/X)(Y) = rpfUY), so a and /3 agree on^XUF), and they each 
are zero on exactly ^([XUF]), soa and j3 agree, as desired. □ 

4.2. Restriction. We introduce a restriction operation for an oriented interval 
greedoid (E, JP, Q) that produces an oriented interval greedoid on a restriction of 
the interval greedoid (E, J^"). We begin by recalling restriction for interval greedoids. 



4.2.1. Restriction of an interval greedoid. Let (E,&) denote an interval greedoid 
and $ its lattice of flats. If W C E is an arbitrary subset, then the restriction of 
(E, to W is the interval greedoid (W, ^~\w), where 

&\ W = {X G & : X C W}. 

To distinguish between objects defined for (E,J?) and (W, ^\w), we take the 
following convention. If S is an object defined for (E, JF) (for example, its lattice of 
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flats <E>, the set of continuations T), then £|iy will denote the corresponding object 
defined for (W,&\w) (for example, $|w, r|w)- 

There is a map $ — > <&|ty that maps a flat Ce$ onto the flat fi\w(W H £(C)). 
We denote the image of C by C|vy. Note that if Y G J?"|w, then Fe^ and the 
image of [Y] G $ under $ — ► $|vy is the flat in $|w that contains Y, which by our 
above convention is denoted by [Y]|vi^. 

Lemma 4.2.1. Suppose (E,JP) is an interval greedoid and let W C E. 

(1) IfY e&\w, thenT\ w (Y) = W C\T{Y). 

(2) //ye ^"jw and£(Y~) C FF, then £\ W (Y) = £{Y). 

(3) //A G $ ; then T\ W {A\ W ) CWnT(A). 

(4) IfAeQ, then i\ w {A\ w ) C fn$(4). 

Proo/. (1) If y G J*V, then IV (Y) = {y G VK\Y : YUy G J?"} = iyn{y G E\Y : 
YUye,^} = wnr(Y). 

(2) Suppose Y G ^| vk and £(Y) C FT. The latter assumption implies that all 
feasible sets that are equivalent to Y in (£7, J£") are contained in W. So they are 
contained in &\w- Moreover, they are also equivalent in ,^\w since they are all 
maximal among the feasible sets contained in £(Y) (see proposition 2.6. 

(3) Let Z G A\ w and let x G T\ W (A\ W ) = T\ W {Z). By (1), x G Wnr(Z). Since 
A\w = A*V0^ H £(^4)), there exists containing Z that is maximal among 
the feasible sets contained in £,(A). Thus, [Z] > [Y] = A, and by proposition 3.1.3[ 

t\ w (z) = (T(Z) n w) c (T(A) nw)u (£(A) n w). 

If x EW <~) then Z \J x £ W £(A), contradicting that Z is maximal among 

the feasible sets contained in W D £(A). Therefore, x eW (1 T(A). 

(4) By definition A\w = n\w(W D £{A)), so the sets contained in A\yy are the 
sets that are maximal among the feasible sets contained in W n £(A). Let D be a 
maximal feasible set in W D £(A), and let C be a set in W that is equivalent to D 
in the restriction. We want to show that C is contained in £(A). 

Since C and D are equivalent in the restriction, they have the same continuations 
inside W. Let a; be a continuation of C with x £ W. Then D can be augmented 
from C U x, and clearly D can't be augmented from C, so it can be augmented by 
x. Thus r(C) contains r(D), and the converse is also true. So C and D have the 
same continuations in the original interval greedoid, and therefore are equivalent. 
In particular, C is in £(A) as well. □ 

Remark 4.2.2. The inclusions in (3) and (4) can be proper, as can be seen in the 
following example. Let E = {a, b, c} and & = {0, {a}, {a, b}, {a, c}}. Then (E, J£") 
is an interval greedoid. If W — {b, c}, then &\w — so 

rk([W]k) = rk(0) = c r([{a}]) n = {b, c }, 

£M[{a, = £k(0) = C £([{a, b}]) HW = {b, c}. 

Proposition 4.2.3. The map $ — > $V defined by C >-> C\ w = HvKW n 

/or a// C G $ is order-preserving, surjective and preserves joins: (A V P)V = 

A| w V S|w /or a// 
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Proof. The mapping is order-preserving since £ and n\w are order-reversing. The 
map is surjective since if [Y]|iy £ &\w, then it follows that Y £ & and that Y 
is maximal among the feasible subsets contained in W fl £([Y]). So, [Y] i— ► [Y]|w 
under this mapping. 

Since A, £? < iVB, and since the map is order-preserving, V < 
(A V Since A| w V B\ w £ there exists Z £ ,^\ w such that A\ w V 

= [Z]\w- Then Z is maximal among the feasible sets contained in (-<4|w) H 
£|w(-B|iy) by definition of V ( [Proposition 2. 6. 17] ). Since A\w is the collection of 
sets that are maximal among the feasible sets contained in Wn£(A), it follows that 
€\w(A\w) Cfn £(A). Therefore, £\w(A\w) n £\w(B\ w ) CWn {(A) D £(B). So 
there exists Y containing Z that is maximal among the feasible sets contained in 
WC\^(A)r\^(B). We now argue that Y is maximal among the feasible sets contained 
in Wn£(AVB). There exists U containing Y that is maximal among the feasible sets 
contained in £(A)n£(B). Thus, [Y] > [U] = AVB. This implies Y C £(Y) C £(AVB) 
since £ is order-reversing. So Y C W n £(A V B). Since £(A VB)C n £(B), 
it follows that Y is maximal among the feasible sets contained in W <~] £(A V B) . 
Therefore, (AVB)\ W = [Y]\ w . Since Y D Z, we have [Y]\ w < [Z]\ w . Thus, 
(A V B)\ w < A\ w \JB\ W . Therefore, (A V B)\ w = A\ w V B\ w . ' □ 

Since J^\w Q & ■> there is also a map in the reverse direction — > defined 
by v4 i— > [Y] for any Y £ A. proposition 2.6.1] implies the map is well-defined, and 
the identity (&\ W )/Y = /Y)\ w = {X C W\Y : X U Y £ ^} implies the map 
is injective. It is order-preserving and its image is contained in the interval [[X], 1], 
where X is maximal among the feasible sets contained in W. 

Unlike for matroids, for an arbitrary interval greedoid, the lattice of flats is 
not, in general, an interval of However, if W 3 £,{X), where X is maximal among 
the feasible subsets contained in W, then &\w = [[X], 1] C <j>. (This is obtained by 
considering the compositions of the maps defined above.) 

4.2.2. Restricting Covectors. Let W C E and let a be a covector of (E, Let A = 
supp(a). It follows from lLcmma 4.2.ll that r|w(^4|w) C T(A), so a \r\ w (A\ w ))) 
is a signed flat of (W, -^\w)- Let resw(a) denote the covector of this signed flat: 

fo, $we£\w{A\ w ), 
(4.2) rrawr(a)H = I a(w), if w e T\ W (A\ W ), 

I 1, otherwise, 

for all w £ W. Observe that by construction supp |w(resw(o:)) = supp(a)|w- Also 
note that bv lLemma 4.2.1] if resw(ct)(w) ^ a(w), then res^(a)(w) = 1. 

Example 4.2.4 (Antimatroid from three colinear points). Let (E,JP,Q) be the 
oriented interval greedoid arising from the convex geometry of three colinear points, 
x, y, z with y between x, z. Let W = {x, y}. The covectors of Q\w are: (±, 1); (0, ±); 
(0,0). For a £ Q, if a(z) ^ 0, then resw(a) equals the restriction of a to W. 
However, if, for example, a = (+, +, 0), then resw(ce) = (+, 1). O 

As we have just seen in an example, resw(oi) cannot necessarily be obtained by 
restricting a to W. The following proposition sheds more light on this. 

Proposition 4.2.5. Suppose (E, is an interval greedoid and let W C E. 
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(1) If a is a covector of (E, and A — supp(a), then resiy(a) — a\w if and 
only if£\ w (A\w) = Wn£(A) andT\ w {A\ w ) = W nT(A). 

(2) If a and (3 are covectors of (E,JF), then resw(& ° 0) = resvK(a) oresvp(/3). 



Proof. (1) This is obvious from the definitions. 

(2) Let A = supp(a) and B — supp(/3). By 
Thus, iesw(a) o iesw(P) and resn/(a o (3) have the same support, 
clear that they coincide. 



4XT1 A\ w V B 



li- 



lt 



(A V B)\ w . 
is therefore 
□ 



4.2.3. Restriction of an oriented interval greedoid. The following results shows that 
the covectors obtained by restricting the covectors of an oriented interval greedoid 
(E, J^, G) satisfy the first three axioms for an oriented interval greedoid. 

Proposition 4.2.6. Suppose {E,^,Q) is an oriented interval greedoid. IfW C E. 
then (W,^\w,G\ w ) satisfies (OG1), (OG2) and (OG3), where 

G\w = {res w {a) : a E Q}. 

Proof. By construction, we have that G\w is a collection of covectors of (W,^\w) 
and that supp |^(res^/(a)) = supp(a)\ w G ®\w- 

(OG1) Let A G <&\w and let Y e A. Then [Y] e $ and so there exists a <E G with 
supp(a) = [Y]. So resw(a) G G\w and supp |w (res^y (a)) = supp(a)|w = A\w- 

(OG2) If resw(a) G G\w, then -a 6 G- Hence, — res^(a) = resw(— a) G G\w ■ 

(OG3) Suppose resw(a), resw(P) G G\w and let A = supp(a) and B = supp(/3). 
Then a o /? G G, and so resect o 0) g By [Proposition 4.2.5[ resw(a o /3) = 

resiy(a) o resiy(/3), so res^(a) res^(/3) &G\w- D 

Although (OG4) may not hold for an arbitrary restriction, it does hold for certain 
restrictions, so we get an oriented interval greedoid. 

Theorem 4.2.7. Suppose (E,.^,G) is an oriented interval greedoid and let W C 
E. If resiy(a) = ot\w f or a ^ a G G, then (W, &\w ,G\w) * s an oriented interval 
greedoid. 

Proof. (OGl)-(OG3) hold by [Proposition 4.2.6[ The assumption that ?esw{ a ) = 
a\ w for all a G G means that (OG4) for G implies (OG4) for (W, &\ W ,G\ W )- □ 

|§4.3| and |§4.4| describe restriction to two particular types of subsets of E. 

4.3. Restriction to r(0). In this section we treat restriction to T(0). 

Proposition 4.3.1. Suppose (E,^,G) is an oriented interval greedoid. Then the 
restriction (L(0), J^"|r(0) , G\r(0)) is an oriented matroid, and 

G\v{0) = {«lr(0) : a G G}- 

Proof. Since (r(0), J^"|r(0)) is a matroid, it will follow from IThcorcm 3.4.11 that 
(r(0),<^|r(0), (7|r(0)) is an oriented matroid once we show that it is an oriented 
interval greedoid. By [Proposition 4.2.5| and lTheorem 4.2.71 we need only show that 

r| r(0) (A| r(0) ) = r(0)nr(A) a nd£\ r(0) (A\ ni3) ) = r(0)n£(A). 
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Suppose x e r(0) n T(A). Let Y G A\ T{0) . Then Y C T(0) n so there 

exists ZD7 such that Z is maximal among the sets in & contained in £(A). By 
[Proposition 2.6.1[ Z <E A, so T(A) = T(Z). Hence, ZUi 6 # since x G 
Also, {x} G & since x G T(0). Therefore, (IG3) applied to C Y C Z implies 
yUiEJ. Since FUiC T(0), we have yUiG ^|r(0)- So x G r| r(0) (ylj r ( 0) ). 
This establishes one inclusion. The reverse inclusion follows from lLemma 4.2~T1 

It remains to show that £|r(0)(^|r(0)) = T(0)n£(A). Suppose x G r(0)n£(A). 
Then {x} G & since x G T(0). Therefore, there exists Y containing x such that 
Y is maximal among the feasible sets contained in T(0) n £(A). Then Y G -A|r(0)- 
Therefore, K C £|r(0)(A|r(0))j an d so x G £|r(0) (^|r(0))- This, combined with 
ILcmma 4.2T| establishes the equality £|r(0)(^|r(0)) = T(0) n£(A). □ 

4.4. Restriction to £(X). To simplify notation, we write £(X) for £([X]) for any 
feasible set X G 

We show that restriction to £(X) for X G & produces an oriented interval 
greedoid (£(X), &\mx)i ^Iff-X")) an d that there is a semigroup isomorphism 

Qk(X) 0> Q = {/3 G : P > a} = {a o /3 : /3 G 0}, 
where a is any covector with supp(a) = [X]. 

Lemma 4.4.1. Suppose (E, is an interval greedoid and let X G & and Agf. 

(1) A\ i{x) =AV[X}. 

(2) (A\ ax) ) = £(A V [X]) = {(A V [X]) n £(X). 

(3) r| em (A| em ) = r(Av[x])n£(x). 

Proof. (1) ^|{(v) is A f ls(x)(C(X) n£(^4)), the flat that consists of the sets that are 
maximal among the feasible sets contained in £(X) PI £(A). By |Proposition 2.6.17| 
this is A V [X]. 

(2) This follows from (1) since all feasible sets in A V [X] are contained in £(X). 

(3) Write A V [X] = [Y] for some Y G J 5 ". Then [X] < [F], so V G .^k(x) since 

£(y) c e(x). Thus, r| 4W (A| 4W ) = r| cw (y) = { y e s(x)\y : y u y g ^} = 
C(x) nr(y) = c(x) nr(A v [x]). □ 

Lemma 4.4.2. Suppose {E, J?, Q) is an oriented interval greedoid and let X G & . 
G\t(X) = {res C ( X )(a) : a e Q and supp(a) > [X]} 
= {a|^(x) : ol e Q and supp(a) > [X]}. 

Proof. We begin by proving the first equality. We show that if j3 G Q, then there 
exists q€5 with supp(a) > [X] and res^ X )(a) = ies^x)(P)- Let [3 G Q and let 
B = supp(/3). Since Q satisfies (OG1), there exists 7 G Q such that supp(7) = [X]. 
Since supp(7o/3) = [X]\J B and B\^ x) = BV[X] = (BV[X])\^ X ) bv lLemma 4XT1 

fo, ifxeeie ( v)(s|«v)), 

res 5(X )(7 ° /?) = < (7 ° /3)(a:)> if x G r| fi(JC) (B|g (x) ), 
[l, otherwise. 

Therefore, res^pnfa o (3) = res^ X )(P) if and only if (7 o /3)(x) = /3(x) for x G 
%jr)(B|«jf))- So suppose x G r| c(jr) (B| €(Jf) ). By|Lemma 4.431 x G £(X)nr(5V 
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[X]), and by proposition 3X3} x G £(X) n (T(B) U T(X)). This implies x G T(B) 
because £(X) n T(X) = 0. Therefore, ( r yo(3)(x) — (3(x), and so res£(x)(7 ° fl){x) = 
0{x) = res aX )(P)(x)- 

We now prove the second equality. Let res£(x)(aO such that a G Q and A = 
supp(a) > [X]. Bv lLcmma 4.4.11 we have A\^ X ) = AV [X] = A, (\^ X )(A\^ X )) = 
£(X) and T\ i{x) (A\ s{x) ) = £(X) n T(A). Therefore, by [Proposition 4.2. 5[ 

Tes£( X )(a) = a\^tx) for all a € Q such that supp(a) > [X]. □ 

Theorem 4.4.3. Let (E, Q) denote an oriented interval greedoid and let X G 3? . 
Then {^{X\.^\^ X )^\i{x)) * s an oriented interval greedoid. 

Proof. By [Proposition 4.2.6] we need only show that Q\^( X ) satisfies (OG4). Let 
res^(x)(o:) and res£(x)(/3) be covectors in £||(x)- Bv lLcmma 4.4.21 we can assume 
supp(a) > [X], supp(/3) > [X], res£(x)(a) = and res^(x)(/3) = /%(*)• 

Let a; G S(res^t X \(a),xes^i X \(/3)) with res^(x)(a ° /3)(x) ^ 1- Then .t g S(a,f3) 
and (a o /3)(cc) 7^ 1. By (OG4) applied to Q, there exists 7 G such that j(x) = 
and for all y £ S(a, (3), if (a o /3)(y) 7^ 1, then 7(2/) = (a o /3)(y) = (j3 o a)(y). 

We show that res^(x)(7) satisfies the conditions of (OG4). Let A = supp(a), B = 
supp(/3) and C = supp(7). Observe that C V [X] < AV B: indeed, if (a o /3)(e) = 0, 
then a(e) = 0, so e ^ S(a,(3), which implies that 7(e) = (a o /3)(e) = 0. 

We first argue that res^(x)(7)(^) 1S 0. By construction, it is either 7(2;) or 1. 
Su ppose it is 1. Then x £ £| S( x)(<%x)) ur| e( x 3 (C| S (x)) = Z(CV [X])\JT{CV [X]). 
By [Proposition 3.1.3[ since CV [X] <AVB,x(£ T(A\/ B) U((iVB). This implies 
(a o /3)(x) = 1, which contradicts (a o 7^ 1. Thus, res^(x)(7)(^) — li x ) = 0- 

LetyG' S , (res s( x)(a),res S( x)(/3)). Then y £ S(a,f3). Suppose res S(X )(a!°0)(y) ^ 
1. Then (a o f3){y) 7^ 1. This implies, as above, that res^(x) (l)(y) 7^ 1- Thus, 
res 5 (x)(7)(y) =l(y) = (" P){v)- By|Lemma 4.4.2[ res ?m (ao^) = (ao/3)| s(X ), 
so res ?( x)(7)(y) = res e( x)(a o /3)(t/) = (res S( x)(a) o res £(X )(^))(j/)- D 

The following result identifies the semigroup Q\^i X ) with a subsemigroup of Q. 

Proposition 4.4.4. Lei (E,^,Q) denote an oriented interval greedoid and let 
X G & . Then res^(x)(/3) l— * « P defines a semigroup isomorphism 

G\ t{x) S>« - {/? G g : /3 > a}, 
where a is any covector with supp(a) = [X]. 

Proof. Define a map <? : Q> a — > 5|^(x) by /3 1— » res^(x)(/3). Then 5 is a semigroup 
morphism by [Proposition 4.2~5[ Define a map / : S|f(x) - * S>a by /(res^(x) (/?)) = 
ao (3. 

We argue that / is well-defined. Suppose (3, 7 G Q with i? = supp(/3) and C = 
supp(7), and suppose res«x)(/3) = res^rx)(7)- Then the support of reS|(x)(/3) = 
res^(x)(7) is SV[X] = CV[X]. This implies that supp(ao/3) = supp(ao7) because 
supp(a) = [X]. Therefore, to show ao(3 — aojit suffices to show that they agree 
on T([X] V B). Let x G T([X] V B). Then x G T(X) U £(X) by [Proposition 3.1.3| 
If x G T(X), then (a o fi){x) = a(x) = (a o 7)(x). So suppose 2 G Then 
(a o P)(x) = (3{x) and (a o 7)(x) = 7(2;). Moreover, x G L|^(x)(-B|^(x)) an d x G 
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r le(x)(C| ?( x)) bylLemma 4.4.11 So res^ X )(/3)(x) = (3{x) and res^ X )(l)(x) = 7(1). 
Since resfpn(/3) = res£(x)(7), we have (a o /3) = (a o 7). 

Now / is a semigroup morphism since ao/3oa = ao/J for all covectors a and /3 
(see proposition 3. 1.4] ) . To complete the proof observe that fog and go f are the 
identity morphisms of G\^(x) an d Q> a , respectively. □ 

5. Structure of oriented interval greedoids 

5.1. Q is a graded poset. The next result generalizes [BLVS + 93l Lemma 4.1.12] 
from oriented matroids to oriented interval greedoids. 

Lemma 5.1.1. Let (E,.^,Q) denote an oriented interval greedoid. Suppose a,pG 
Q with supp(a) < supp(/3) and a ^ j3. Then there exists 8 G Q such that 5 < j3 and 
for all x g" S(a, (3), if /3(x) ^ 1, then S(x) — (3{x). 

Proof. Let A — supp(a) and B = supp(/3). Suppose the result is not true. Of all 
ct, (3 G Q that violate the result choose a pair with \S(a, /3)| minimal. If S(a, (3) = 0, 
then a < (3 bv lLemma 3.2.51 contradicting the assumption that a (3. Therefore, 
S(a,0) / 0. Let y G S(a,0). If {aoj$)(y) = 1, then {(3oa){y) = 1 and so (3{y) = 1 
because A < B implies {(3 o a) = (3. This contradicts the fact that y G S(a,/3). 
Therefore, (a o (3){y) ^ 1. (OG4) implies there exists 7 G Q with 7(2/) = and for 
all x £ S(a, /3), if f3{x) = {(3oa){x) ^ 1, then 7(2) = (ao(3){x) = ((3oa)(x) = (3(x). 

We argue that S(-y,f3) C S(a,(3). Suppose e ^ S(a,/3). Then either /3(e) = 1 or 
7(e) = /3(e). In both cases e G" 5(7, /3). Since y G S(a,(3) and y ^ 5(7, (3) (because 
7(2/) = 0)i the inclusion is proper. 

Let C = supp(7). We argue that C < B by showing that /3(e) = implies 
7(e) = and that B C. If /3(e) = 0, then e G" S{a,0), so /3(e) = 1 (not possible) 
or 7(e) = /3(e) = 0. Since j(y) = and (3(y) G {+, -}, we have B ^ C. 

We argue that S*(7,/3) ^ 0. Suppose S*(7,/3) = 0. Then 7 < /3 bv lLemma 3.2.51 
Let (5 G Q denote a coatom in the interval [7, (3] of the poset Q and let D = supp(<5). 
We will argue that S satisfies the result, contradicting our assumption that no such 
5 exists. First note that 5 < (3 by the choice of S. It remains to show that for 
all x £ S(a,P), if (3{x) ^ 1, then 5{x) = (3(x). Let x <£ S(a,f3). If (3{x) ^ 1, 
then 7(2;) = (3(x). Since 7(2;) < 5(x) < f3(x) and 7(2;) = (3(x), it follows that 
5{x) = (3{x). And if (3(x) = 1, then 7 (x) / 0, so S(x) > 7(2;) > 0. 

We argued above that C < B and 5(7, /3) ^ 0. Hence, 7^/3 bv lLemma 3.2.51 
Since / 5(7, /3) C S(a,(3), the minimality of ^(a,/?)! implies there exists <5 G 5 
such that 5 < (3 and for all x ^ 5(7, /3), if /3(x) 7^ 1, then <5(x) = ,$(2;). But since 
5(7, /3) C 5(0;, /3), if a: £ 5(0!, /3), then 2; £ S(7,/3). Thus, for all x £ S(a,/3), if 
(3(x) ^ 1, then 5(2;) = (3(x). This contradicts the assumption that no such 5 exists 
for the pair a and (3. We have arrived at a contradiction; so the result is true. □ 

Example 5.1.2. |Figurc 8] illustrates ILemma 5 .1.1 1 for the antimatroid correspond- 
ing to the convex geometry on three colinear points ( |Examplc 2.3. 2\ . O 

The partial order on the set of all covectors restricts to a partial order on Q. 
This next result shows that Q is a graded poset and describes the rank function of 
Q. 
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Figure 8. The covectors <5 and 8' both satisfy the statement of 
ILcmma 5. 1.11 for the covectors a and (3. 



Proposition 5.1.3. Let Q be an oriented interval greedoid over (E,.^). Then 
supp : Q — y $ is a cover-preserving poset surjection of Q onto $ satisfying 

supp (a o 0) — supp(a) V supp(/3). 

In particular, Q is graded of rank equal to the rank of$>. The rank of a G Q is the 
rank o/supp(a) G $. 

Proof. The identity follows immediately because if A = supp(a) and B = supp(/3), 
then supp(a o (3) = A V B, by definition of the product. The fact that supp is a 
surjection of posets follows from its definition and axiom (OG1). It remains to show 
that supp is cover-preserving. 

Suppose a < p. Let A — supp(a) and B = supp(/3). Suppose there exists C G $ 
such that A < C < B. Let Q 1 = Q\^<a)- Let a 1 and f3' be the elements of Q' 
corresponding to a, (3. 

Since supp : Q' — > [A, 1] is surjective, there exists e' G Q' with supp(e') = C. 
Let i = a' o e'. Then a' < 7 ' and supp(7') = A V C = C. If 7 ; < /?', then 
7' = /3', contradicting that C < B. Hence, 7' ^ /?'. By ILcmma 5.1.ll there exists 
8' G g' such that 8' < and for all x i S(j', /?'), if P'(x) ^ 1, then 5' (a;) = /3'(x). 
Let D = supp(<5'). Since <5' G Q\ A < D. Thus a<ao<5<ao/3 = /3 (see 
|Proposition 3.1.4| , contradicting that a < (3. □ 

5.2. Oriented interval greedoids of rank 1. Let (E,J?,Q) be an oriented in- 
terval greedoid and let $ be its lattice of flats. The previous result shows that Q 
is a graded lattice and that its rank is equal to that of We define the rank of 
(E, JF, Q) to be the rank of Q (equivalently, the rank of <i>). 

We first make a useful observation about arbitrary oriented interval greedoids. 

Lemma 5.2.1. Suppose (E,JP,Q) is an oriented interval greedoid. Let be the 
minimal element 0/$. Then there is a unique element of Q with support 0. 

Proof. By (OG1), there exists e G Q with supp(e) = 0. Then r(supp(e)) = 0, so 
e(e) G {0, 1} for all e G E. Thus, e is determined by and consequently is the 
unique element of Q with support 0. □ 

We will consistently denote the unique element of Q with support by e. 
The next result describes the oriented interval greedoids of rank 1. 

Proposition 5.2.2. Suppose (E,J^,Q) is an oriented interval greedoid of rank 1. 
Then Q contains exactly three elements, and its Hasse diagram is 

-(3 (3 
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Proof. Since Q has rank 1, $ contains exactly two elements, its minimal and max- 
imal elements and 1 = [0], respectively. 

By the previous lemma, e is the unique element element of Q with support 0. We 
now show that there exist exactly two elements in Q of support 1. By (OG1), there 
exists f3eG such that supp(/3) = 1. Then -[3 G Q by (OG2). Since T(0) ^ 0, 
j3 ^ —f3. So Q contains at least two elements of support 1. 

Let a £ 5, a / |3 and supp(a) = 1. Let y E T(0), y S(a,f3). Then let S be 
the vector guaranteed bv ILcmma 5.1.11 Then S(y) = (3(y). But 5 = e, so this is 
impossible. It follows that S(a,(3) = T(0); in other words, a — — /?. □ 

5.3. Oriented interval greedoids of rank 2. 

Proposition 5.3.1. Suppose (E,^,Q) is an oriented interval greedoid of rank 2. 
Then Q is isomorphic to the semigroup of covectors of an oriented matroid of rank 
2, or the Hasse diagrams of Q and $ are, respectively, the following two posets. 

[0] 

[to] 


Proof. There are two cases to consider. 

Case 5.3.1.1. Suppose <E> contains at least two coatoms. By proposition 4.3.1[ the 
restriction <?|r(0) is an oriented matroid. The map C i— > [Y] for any Y G C embeds 
^lr(0) m to the interval [[X], 1] of <&, where X is the maximal among the feasible 
sets contained in F(0) (see |§4.2T] ). Since every coatom of <& is of the form [{x}] for 
some x € r(0), there is a bijection between the coatoms of $ and those of $|r(0)- 
Therefore, [X] — 0, so $|r(0) — So G\r(z) 1S a rank 2 oriented matroid. We argue 
that the map 7 »— * 7|r(0) is an isomorphism Q = G\r(z)- By [Proposition 4.3.1| we 
need only show that this is an injection. 

Let 7,7' G Q and suppose j\r(0) = l'\r(0)- Then supp(7)| r(0) = supp(7')|r(0)- 
Since < &|r(0) — ^, it follows that supp(7) = supp(7'). This implies that 7(x) is 
or 1 if and only if 7'(x) is or 1, respectively. Let C = supp(7) = supp(7'). 

If C = 0, then 7 = 7' since there is a unique element of Q with support 0. If 
C = 1 = [0], then 7|r(0) = 7'|r(0) implies that 7 = 7' since they agree on T(0). 

Let C > 0. Suppose 7 ^ 7'. Arguing as in the end of proposition 5.2.2| we 
conclude T(C) = 5(7,7'). Since 7 and 7' agree on T(0) and disagree on T(C), 
it follows 7|r(0) = 7'|r(0) takes values in {0,1}. Thus, C|r(0) = 0, which implies 
C = 0, contradicting that C > 0. Thus, 7 = 7'. 

Case 5.3.1.2. Suppose $ contains exactly one coatom. Then [X] is this coatom, 
so X = {x} for some x G E. By ILemma 5.2.11 e is the unique element of Q with 
support 0. 
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By (0G1), there exists 7 6 Q such that supp(7) = [X]. By arguing as in 
proposition 5.2.2} we conclude that 7 ^ —7 and that if v G Q with supp(f) = [X], 
then v = 7 or v = —7. Hence, there are exactly two elements in Q of support [X]. 

By (OG1), there exists G Q such that supp(/5) = [0]. By (OG2) -/3 G Q. 
As above, we have ^ T(0) n T(X) = 0, since if y G L(0) n r(A), then 
y 2" £(^0, so [y] 7^ Mi contradicting our assumption that $ has only one coatom. 
Thus 7, -7 < 0, -0. 

Let ^ G Q such that supp(V) = 1. By arguing as before fusing iLemma 5.1.1[) . it 
follows that v — or v = —0. □ 

5.4. Intervals of length two. Let Q denote the poset obtained from Q by adjoin- 
ing a maximal element 1. We prove that all intervals of length two in Q contain 
exactly four elements. 

Proposition 5.4.1. Suppose Q is an oriented interval greedoid. Then all intervals 
in Q of length two contain exactly four elements. 

Proof. Let a, 0, 7 G Q such that a < 7 < 0. The case where = 1 was proved 
in proposition 5.2~2 so suppose G Q. Let A = supp(a), B — supp(/3) and C = 



supp(7). By [Proposition 5.1.31 A < C < B in <f>. 

Let supp(a) = [X] for some X G & . By [Proposition 4.4.4| and [Proposition 3.1.4[ 
Q\i{X) = Q> a (asposets), so {5 e Q : a<5<0} = {5 G G\ S ( X ) ■ &k(X) <S<0\ S(X) }. 
Thus, by passing to £7|fpn we can suppose that A = 0. 

Let supp(/3) = [Y] for some Y G By [Proposition 4.1.4[ QjY = Q<[y] = {v G 
Q : supp(^) < [Y]}. Since $/Y S [6, [F]] C $ ( [Proposition 4.1.1| >, by passing to 
G/Y, we can suppose that 5 = 1, and therefore that $ is a lattice of rank 2. 

[Proposition 5.3.1] classified the oriented interval greedoids of rank 2 as being 
either an oriented matroid of rank 2 or having the Hasse diagram shown in the 
statement of [Proposition 5.3. 1[ For the latter situation a quick inspection of the 
given poset establishes the result. And for the former situation, it is well-known 
that this result holds for oriented matroids ( [BLVS+931 Theorem 4.1.14]). □ 



5.5. The Underlying Oriented Matroid. Let (E, JF, Q) be an oriented interval 
greedoid. The top element in the poset of flats $ is [0], and by [Proposition 3.1.3| 
it follows that T(0) C T(A) U £(A) for any flat Ae$. This implies that a(x) G 
{0, + , — } for any a G Q and any x G r(0). Moreover, T(0) is the largest subset of 
E with this property: if a is maximal in Q 1 then supp(a) = [0] and a(x) — 1 if and 
only if x ^ r(0). This observation implies that the restriction to T(0) produces an 
oriented interval greedoid whose covectors take values in {0, +, — }. Thus, G\r(0) is 
an oriented matroid. Alternatively, one can note that the restriction (r(0), J^"|r(0)) 
is a matroid and appeal to IThcorcm 3.4.11 

Definition 5.5.1. Let Q denote an oriented interval greedoid over (E,&). The 
underlying oriented matroid of Q is Q = G\v(0)- 

The lattice of flats $ of Q is a geometric lattice because Q is an oriented matroid. 
Moreover, it is isomorphic to the sublattice of <& generated by all the coatoms. 
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5.6. The Tope Graph. A tope of an oriented interval greedoid (E, Q) is a 
covector that is maximal in Q with respect to the partial order on covectors. Al- 
ternatively, topes are covectors whose support is 1 = [0], A subtope of Q is a 
covector in Q that is covered by some tope. From [Proposition 5.4. 1| it follows that 
every subtope is covered by exactly two different topes. Two topes are said to be 
adjacent if there exists a subtope that is covered by both topes. 

The tope graph T(Q), or just T, of Q is the graph with one vertex for each tope 
of Q and an edge between two vertices if the corresponding topes are adjacent. 

Lemma 5.6.1. Suppose Q is an oriented interval greedoid. Then the tope graph of 
Q is isomorphic to the tope graph of the underlying oriented matroid Q of Q . 



Proof. First we will show that topes of Q are in one-to-one correspondence with 
the topes of Q. Suppose a is a tope in Q. Then supp(a) = [0] = {0}, and so 
supp |r( )(resr(0)(a)) = {0} = 1 G 3>|r(0)- Thus, res r (0)(a) is a tope of Q. 

Conversely, suppose resr(0)(a) is a tope of Q. Then supp |r(0)(resr(0)(a:)) = 
[ ]|r(0) = { }- Let A = supp(a). Then j4|t(0) = {0}, so is maximal among 
the feasible sets contained in T(0) n f (A). This implies that T(0) n £(A) = (if 
x G r(0) n £(A), then {x} G & because x G r(0), contradicting that maximality 
of 0). If A ± [0], then A < [{y}] for some y G T(0). Hence, y G T{0) n £(A), 
contradicting that T{0) n £(A) ^ 0. Thus, A = [0]. So a is a tope of Q. 

Let a and (3 be topes in Q and suppose resp(0)(o;) = resp(0)(/3). We show that 
a = (3 by showing that they agree on r(supp(a)) = r(supp(/3)) = T(0). Since 
supp(a) = supp(/3) = [0], we have T(0) = r| r(0) (0) = r| r(0) ([0] | r(0) ). Hence, 
resp(0) (a) (w) — a(w) and res r ( )(/3)(«;) = [3{w) for all w G T(0). It follows that 
a(w) — (3(w) for all w G T(0). This establishes the one-to-one correspondence. 

Suppose a, (3 G Q are two adjacent topes and let 7 G Q with 7 < a, (3. Then 
supp(7) < supp(a) = supp(/3) = [0]. Since resp(0) is a semigroup morphism, it 
follows that res r ( )(7) < res r ( )(a). We cannot have equality since this would 
imply that both are topes of G\r{0)> contradicting that 7 is not a tope. We have 
supp(7) = [{y}] for some y G T(0) since all coatoms of $ are of this form. Hence, 
resr(0)(7) — [{?/}]|r(0) < [ ]|r(0)- Since supp |r(0) is cover-preserving, it follows 
that res r ( )(7) < res r ( )(a). Similarly, res r ( )(7) < res r ( )(/3). So res r ( )(a) and 
resr( )(/3) are adjacent topes. 

Let resr(0)(a), resr(0)(/3) G Q\r(ei) be adjacent topes and let resr(0)(7) G G\r(0) 
with res r (0)(7) G G with res r (0)(7) < res r (0) (a), res r (0)(/3). Since res r (0)(7 ° a) = 
resr(0)(7) res r(0)( a ) = r esr( )(a) and since 70a and a are both topes, we have 
a = 7 o a. So 7 < a. To show that 7 < a, it suffices to show that supp(7) < [0]. Let 
C = supp(7). If C is not covered by [0], then C < [{x,y}] for some x,y G T(0), 
x y. Thus, {x, y} C T(0) n £,(C). Let Y 2 {x, y} be maximal among the feasible 
sets contained in £(C) fll(0). By definition, supp |r(0)( r esr(0)(7)) = ^^(0) is 
the flat containing Y. Since |T| > 2, it follows that supp |r(0) (resr(0) (7)) is not a 
coatom of $|p(0), contradicting that it is. Hence, j<a. Similarly, j<(3. Therefore, 
a and (3 are adjacent topes. □ 
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6. CW-SPHERES FROM ORIENTED INTERVAL GREEDOIDS 

6.1. CW-spheres. The Sphericity Theorem is an important result for oriented 
matroids which asserts that there is a certain regular CW-sphere associated to any 
oriented matroid, whose cells correspond to the covectors of t he oriented matroid. 
It is originally due to Folkman and Lawrence |FL78j ; see also [BLVS+931 Theorem 



4.3.3]. In this section and the next, we will prove the corresponding result for 
oriented interval greedoids. 

We recall some topological definitions, following [BLV S + 93l Section 4.7]. 

A ball in a topological space homeomorphic to the usual d-dimensional ball, for 
some nonnegative integer d. 

A regular cell complex A is a finite set of balls in a Hausdorff topological 
space | A| = Uo-eA ° with the properties that: 

• The interiors of the balls a G A partition |A|. 

• For each a £ A, the boundary of a is the union of some elements t 6 A. 

This definition of a regular cell complex is (non-trivially) equivalent to the usual 
definition of a reg ular CW-complex. (See |BLVS+93l Section 4.7].) 

A cell complex A is called a regular CW-sphere if its geometric realization 
A | is homeomorphic to a sphere. 

The face poset of a cell complex is the poset structure on the cells of A, ordered 
by containment. The augmented face poset of a cell complex is the face poset 
with a maximal element 1 adjoined. 

We can now state our main theorem for this section more precisely. 

Theorem 6.1.1. For (E,^,Q) an oriented interval greedoid, Q is isomorphic to 
the augmented face poset of a regular CW-sphere. 

The order complex of a bounded poset P is the simplicial complex consisting 
of chains in P \ {0, 1}. Taking a barycentric subdivision of the CW-sphere in the 
previous theorem, we obtain the following. 

Corollary 6.1.2. The order complex of Q is a simplicial sphere. 

Proof of \Theorem 6.1.~R As in the proof of the Sphericity Theorem in |BLVS+93j . 
the main technical tool required in the proof is the notion of recursive coatom 
ordering. 

A graded, bounded poset P is said to have a recursive coatom ordering if it 
is either of rank 1, or if there is a linear ordering on its coatoms, qi, . . . , q r which 
satisfies: 

(i) [0,qi] admits a recursive coatom ordering in which the coatoms of [0, qi] 
which lie below some qj with j < i, come first; 

(ii) any element lying below qi and also below some qj for j < i, necessarily 
lies below a coatom of [0, qi] which lies below some qk with k < i. 

This concept is dual to the condition of having a recursive atom ordering, which 
goes back to |BW83j . The concept has been extended to non-graded posets [BW96] , 
but we shall not need that here. 
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The fundamental technical result is the following lemma, whose proof we defer 
to the next section. 

Lemma 6.1.3. Q admits a recursive coatom ordering. 

A poset is called thin if all intervals of length 2 have cardinality four. By 
[Proposition 5.4.T] we know that Q is thin. The following theorem completes our 
proof. 

Theorem 6.1.4 ( |Bjo84| , |BLVS + 93| Theorem 4.7.24]). P is isomorphic to the face 
poset of a shellable regular cell decomposition of the sphere iff P is thin and admits 
a recursive coatom ordering. 

(We shall not discuss the significance of the "shellable" in the above theorem; 
the interested reader is directed to [BLVS+93] . 1 ) □ 



We now turn to the proof of the corollary. 



Proof of \Corollary 6.1~H The order complex of the augmented face poset of a reg- 



ular cell complex A is homeomorphic to |A| [BLV S + 93l Proposition 4.7.8]. (In fact, 
the order complex should be thought of as the barycentric subdivision of the regular 
cell complex.) The corollary follows. □ 

6.2. A recursive coatom ordering for Q. This section is devoted to the proof 
of lLcmma 6.1.3| which asserts that Q has a recursive coatom ordering. 

If one chooses a particular tope a of Q then there is a natural poset structure on 
the topes with respect to which a is the minimum element and —a is the maximum 
element, and the Hasse diagram is (a suitable orientation of) the tope graph. This 
poset is called T(Q, a). (Since the topes of Q are identified with the topes of G, 
this follows from the analogous statements for oriented matroids; see [BLVS+931 
Section 4.2].) 

Let a be a tope of Q . Consider a maximal chain (3 in T(Q, a), say a = 0o < • • • < 
Pr = —a. Choose 7,; to be a common facet of /3i_i and (3i. Let Gi = supp(7i). The 
Gi are distinct and include all the coatoms of <J>. Thus, (3 induces a linear order on 
the coatoms of $. However (unlike the situation for oriented matroids) this does 
not immediately yield a linear order on the coatoms of [e, a], because there may be 
more than one coatom with the same support. 

For 1 < i < r, let Gi be the oriented matroid obtained by contracting Q to Gi. 
Consider the tope poset T(Gi,-fi). 

Let A be the set of facets of a. Let Aj be the set of facets of a whose support 
is Gi. (This set could be empty.) 

A linear extension of T(Gi,Ji) will be called adapted to a if it contains in order: 

(1) first, the topes of Gi that lie on the same side as 7; of some Gj for j < i, 

(2) then, the topes that are facets of a, 

(3) finally, the remaining topes of Gi- 

We will need the following lemma: 
Lemma 6.2.1. T (£/,-, 7,-) admits a linear extension adapted to a. 
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Proof. It is certainly possible to define a linear extension of T(Qi, 7*) which begins 
with the elements (1) above, since they form a lower order ideal in T(Qi,"fi). In 
order to be able to construct a linear extension such that the next elements are 
those from (2) above, we need to show that any tope below a tope from (2) not in 
(2), is contained in (1). If S is a tope of Aj which is a facet of a, and e is a tope 
lying below S which is not a facet of a, it must be separated from a by some Gj 
with j < i, which shows that e is in (1). Thus the linear extension, whose beginning 
was already described, can be continued with the set of facets of a, followed by the 
remaining topes of Qi . □ 

A linear order on A will be said to be compatible with (5 if 

(1) the elements of A are arranged first of all in increasing order by support 
(so Ax comes first, then A 2 , etc.), 

(2) the elements of A 4 are arranged according to a linear order on T{Q il ^ i ) 
which is adapted to a. 

Now we will prove the following: 

Proposition 6.2.2. (1) For a tope a in Q , and a maximal chain [3 in T(Q, a), 
any order on the coatoms of [s, a] compatible with (3 is a recursive coatom 
order. 

(2) For a tope a in Q , any linear extension of T(Q, a) is a recursive coatom 
ordering for Q . 

Proof. The proof will be by induction on the rank of Q. The base case, when the 
rank of Q is 1, is trivial. We will assume that (1) and (2) hold for oriented interval 
greedoids of rank less than n; we will prove (1) for oriented interval greedoids of 
rank n, and then make use of (1) to prove (2) for oriented interval greedoids of rank 

Proof of (1). Pick a coatom order for [s,a] which is compatible with f3. As part 
of this, we are given 7^ a common facet of Pi-i and Let Gi be the support of 7,-. 
Let Ai be the coatoms of a with support Gi. As part of our coatom order for [e, a], 
we are given a linear order on A^ which is the restriction of a linear extension of 
T(Gi,li) adapted to a. Fix such a linear extension. 

Let S S A, be a coatom of [e,a]. We must define a coatom order for [e,S]. 
Using our chosen linear extension of T(Q i ^ i ) 1 we can apply (2) to Qi, obtaining a 
recursive coatom order for [e, 5]. We must show that this order satisfies the necessary 
conditions. 

Now, 5 is a coatom of two different posets, [e, a] and Qi. Let X be the set of 
coatoms of [e,a] which precede 5 with respect to the coatom order on [e,a], and 
let Y be the set of coatoms of Qi which precede S with respect to the fixed linear 
extension of T(Qi,%). Let X be the coatoms of [e, 5] lying below an element of X, 
and let Y be the coatoms of [e,S] lying below an element of Y. We will now show 
that X and Y coincide. 

Let e be a coatom of [e,5]. By proposition 4.4.4[ Q> e is itself an oriented gree- 
doid, so we may assume that e = e, or, in other words, that Q is rank 2. By 
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|Proposition 5.3.T] we know that Q is either isomorphic to a rank 2 oriented ma- 
troid, or else it is of the special form described in that Proposition. In either case, 
it is straightforward to check that e G X iff e G Y , 

Since we know property (i) of recursive coatom orders holds for our fixed linear 
extension of T(Qi,~/i), property (i) also follows for our coatom ordering on [s, a]. 

Next, we check property (ii). Let e G [e, 8], which lies under some element £ G X. 
We must show that it also lies below some element of X . 

Again, by restricting, we may assume that e = e. The fact that that e lies under 
an element of X implies, in particular, that X is non-empty, and thus that S is 
not the first coatom in our coatom order on [e, a]. We will now show that Y is 
non-empty. If S is not the first coatom with support Gi in our recursive coatom 
order on [e, a] then this is clear. So suppose that S is the first coatom with support 
Gi in our recursive coatom order. Since 5 is not the first coatom overall, it must be 
that i > 1. Therefore % is not a facet of a, so % G Y. 

Now, since we have assumed that e = e, the fact that Y is non-empty means 
that there are elements of Y lying over e. Therefore, by property (ii) for the fixed 
linear extension of T(Gi,^fi), we know that there are elements of Y lying over e. 
Since Y = X, we are done. 

Proof of (2), assuming (1). Pick a linear extension of T(Q,a). For each coatom 
S of Q, pick a maximal chain /3 in T(Q, S) which includes a. Then we claim that 
any linear order on the coatoms of [e, 8], compatible with (3, satisfies the necessary 
conditions. First of all, it is a recursive coatom order by (1). 

Second, define Qs to be the set of coatoms of [e, 5} which also lie under some 
£ preceding 5 in the linear extension of T(Q,a). The coatoms of Qs precede the 
other coatoms of S in any order compatible with (3. (In fact, for this, it suffices to 
know that an order compatible with (3 agrees with the order induced by f3 on the 
coatoms of [0, supp(<5)].) This proves (i). 

Thirdly, we check that 

CGQs £ preceding S 

The containment of the lcfthand side in the righthandside is obvious. For the oppo- 
site inclusion, let e G [e, S] n [e, £] for some £ preceding 5. The topes of Q that contain 
e are exactly the topes of Q that contain e|r(0)- By |BLVS+93[ Lemma 4.2.12], this 
is an interval I in T(Cj, a). Since e is contained in some £ preceding S, we know that 
5 is not the minimum element of the interval. Let p be covered by 5 in /. Since p 
lies below 5 in T(Q, a), it precedes 5 in the linear extension of T(Q, a). Since p is in 
I, e G [0, p\. Finally, since p and S are adjacent topes, they have a common subtope 
a in Q. Since, in Q, p and 5 lie over e|r(0), c lies over e|r(0)- Thus supp(a) lies over 
supp(e). 

Let 4> be covector of G, such that 0|r(0) = o< Now consider e o c\>. This lies over 
e, and its support is supp(e) V supp(</>) = supp(0). Since, in Q, cf> and e lie below 
both S and p, the same is true of e o 0, and we are done: we can take e o (j) as the 
common coatom of [e, S] and [e, p] lying over e. □ 
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6.3. Face Enumeration. Here, we prove formulas counting chains in an oriented 
interval greedoid Q. These results generalize results for oriented matroids [BLVS + 93l 
Proposition 4.6.2] and for oriented antimatroids [BHP08J. 

Let P be a poset. Recall that the Mobius function of P, denoted /ip, is the unique 
function from pairs (x, y) with x < y in P to Z, such that: 

• Hp(x, x) = 1. 

• For x < y, J2 x <z<y z ) = °- 

Theorem 6.3.1. Let {E,&,Q) be an oriented interval greedoid. Let A\ > ■ ■ ■ > 
Ak+i — be a chain of flats in $. Then: 

k 

|Bupp- 1 (A 1> ... > i4* +1 )| = JJ \M B , A i)l 

i=l B<£[A i+1 ,Ai] 

where /i$ is the Mobius function fo 

First, we state and prove the following special case, which generalizes [BLVS + 93l 
Theorem 4.6.1]. 

Proposition 6.3.2. Let (E,&,G) be an oriented interval greedoid. Then the num- 
ber of topes of Q is: 

E \MB,i)\- 

Be* 

Proof. One could adapt the proof for oriented matroids to this setting, thus reprov- 
ing the result for oriented matroids, but we prefer to assume the result if Q is an 
oriented matroid; this is |BLVS + 93j [Theorem 4.6.1]. 

Recall that the topes of Q are the same as those of Q. Applying the proposition 
to Q, and writing $ for we need now only show that: 

(6.i) Yl M B »i)l = E 

Be<s> 

Consider the order-preserving map i : $ — > $ defined by = [X], as dis- 

cussed in |§4.2.l[ We prove a few more properties of it here. 

Lemma 6.3.3. (1) i is a poset isomorphism onto its image. 
(2) For we have i(A A B) = i[A) A i(B). 

Proof. (1) proposition 4.2."3| provides a restriction map from $ to $ defined by 
^lr(0) — Mlr(0)(£(^) n r(0)), which is order-preserving. Since i(A)\ r ^ - j — A, we 
know i is a poset isomorphism onto its image. 

(2) Let A,B<E$. Let C = i(A) A i(B), and let D = i(C| r (0)). It is immediate 
that D > C . However, we know D < i{A) and D < i(B), so D = C. This implies 
that C is in the image of i, so, by (1), C = i(A A B). □ 

Thanks to lLemma 6.3.31 (1). we can identify $ as a subposet of $. 

Let x £ E such that {x} G & . Then, by definition, x G r(0). It follows that 
every coatom of $ is in Further, since $ is a geometric lattice, every element 
of $ can be written as a meet (in $) of coatoms. Thanks to ILcmma 6.3.31 (2), it 
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follows that $ consists exactly of those elements of $ that can be written as a meet 
of coatoms in 

Lemma 6.3.4. (1) If A e $ \ 1, then ^(A, 1) = 0. 
(2) // A e tfien ^$(,4, 1) = fi^(A, i). 

Proof. (1) Since A A cannot be expressed as a meet of coatoms of It follows 
that the meet of the coatoms of [A, 1] is strictly greater than A. The Crosscut 
Theorem (see |Bj695 ) now implies /j,$(A, 1) = 0. 

(2) We induct on the corank of A. The statement is obvious for A — 1. For A of 
positive corank, we use the formula: 

A<Be>i 

Now we observe that, by (1), only the terms with contribute. By induction, 

these terms agree with fi-^(B, 1), which proves the result. □ 



(6.1) is now obvious, and the proposition follows. □ 



Proof of \Theorem 6.3.H The proof goes exactly as in the oriented matroid case, 
now that the preparations have been made. | supp _1 (A/ c )| is the number of topes 
of G/Ak, which is YIa >B IM-^! an< ^ then the rest of the chain lies in G\^(A k )i 
which accounts for the remaining terms. □ 
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